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Problem Statement
O Generalized Linear Models (GLM)

Unknown linear mixing probabilistic mapping observations
Signal/parameters
N
XelR — AX
M
MxN

X~Py(X) — AeR™ > p(y,lz.) — YeR
* Goal

To infer the unknown signal/paremeters X from y and A

* Applications
v’ Information theory: channel estimation, multi-user detection, etc.
v Machine learning: linear regression, logistic regression, classification, etc.

v’ Signal processing: compressed sensing, image processing, etc.
v’ Many others...



Problem Statement
O Standard Linear Models (SLM)

Special case of GLM:
When the likelihood is Gaussian, GLM reduces to SLM

observations

M
neR
. Unknown linear mixing
Signal/parameters v
N
xeR > AeR™ >

X~ py (X) y:AX-|—n n~A0,6°1)

> yeR"



Problem Statement
O Standard Linear Models (SLM)

Special case of GLM:
When the likelihood is Gaussian, GLM reduces to SLM

neRY
. Unknown linear mixing .
Signal/parameters v observations
xeR" > A cRMN > > yeRM
2
X~ Py (X) y:AX—|—n n~A(0,0°1)
4 )

This is one fundamental model for
linear inverse problem in science and engineering




Problem Statement

O Generalized Bilinear Models

Extended case of GLM:
The linear matrix A is also unknown or with uncertainty

Unknown Matrix Linear mixing Probabilistic mapping Observations
NxL MxL

R X
X~ Py (X;6x) LLSLLEN /A (unknown) _ZW p(Y|Z,8,) —>Y e RM*

e Goal
To jointly infer matrix X and A, given Y with unknown parameters 6, , 6,



Problem Statement

O Generalized Bilinear Models

Extended case of GLM:
The linear matrix A is also unknown or with uncertainty

Unknown Matrix Linear mixing Probabilistic mapping Observations
NxL MxL

R X
X~ Py (X;6x) LLSLLEN /A (unknown) _ZW) p(Y|Z,8,) —>Y e RM*

Matrix recovery
problem

e Goal
To jointly infer matrix X and A, given Y with unknown parameters 6, , 6,



Problem Statement
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Problem Statement

O Generalized Bilinear Models

Extended case of GLM:
The linear matrix A is also unknown or with uncertainty

Unknown Matrix Linear mixing Probabilistic mapping Observations
NxL MxL

R X
X~ Py (X;6x) LLSLLEN /A (unknown) _ZW p(Y|Z,8,) —>Y e RM*

Matrix recovery

e Goal
problem

To jointly infer matrix X and A, given Y with unknown parameters 6, , 6,

* Applications
v'Machine learning: Probabilistic PCA, linear factor model, matrix factorization,
matrix completion, etc.
v’ Signal processing: compressed sensing with matrix uncertainty, dictionary

learning, etc.
v’ Other matrix recovery problems...

4 N
Bilinear recovery is much more difficult than original GLM

since the linear mixing matrix is also unknown
g J] 9




“If you can't solve a problem, then there is an easier
problem you can solve: find it.” —George Pdlya

I. Standard Linear Models

(George Polya: 1887 —1985)
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Standard Linear Models

O System Model neR"
Signal of interest linear mixing + observations
XeRN — 3 A o RMN > > yeRY
X ~ Py (X) y:AX—|—n n~A"(0,6°1)
O Classical Methods
 Least Squares Learning (LS)
X = arg min %Hy ~AX| R, = (ATA)_1 Ay

« Regularized LS Learlning A
vL2 X=argmin EHy ~AX| +EHXH

2
2

%, =(ATA+A1) ATy

vL1 X=argmin %Hy — AXH2 +A HXH1 Iterative soft threshold algorithm (ISTA)
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Standard Linear Models

O System Model neR"
Signal of interest linear mixing + observations
XeRN — 3 A o RMN > > yeRY
X~ Py (X) y=Ax+n n~A(00’l

O Classical Methods

 Least Squares Learning (LS)
X =arg min%Hy—AxH2 R, = (ATA)_1 Ay
« Regularized LS Learning
" 1 2 Ay 2 . T 1 ¢
/L2 X=arg mlnEHy—AxH JFEHXH2 X, :(A A+Al) Aly

vL1 X=argmin %Hy — AXH2 +A HXH1 Iterative soft threshold algorithm (ISTA)

O Limits

Can not provide uncertainty estimates

Poor performance with improper regularization

High complexity even with closed-form solutions

Slow convergence rate with stochastic or iterative methods
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Standard Linear Models

O System Model neR"
Signal of interest linear mixing + observations
XeRN — 3 A o RMN > > yeRY
X~ Py (X) y=Ax+n n~A(00’l

O Classical Methods

 Least Squares Learning (LS)
X =arg min%Hy—AxH2 R, = (ATA)_1 Ay
« Regularized LS Learning
" 1 2 Ay 2 . T 1 ¢
/L2 X=arg mlnEHy—AxH JFEHXH2 X, :(A A+Al) Aly

vL1 X=argmin %Hy — AXH2 +A HXH1 Iterative soft threshold algorithm (ISTA)

O Limits

Can not provide uncertainty estimates

Poor performance with improper regularization
High complexity even with closed-form solutions
Slow convergence rate with stochastic or iterative methods

Bayesian Solution?

13



Standard Linear Models

O Exact Bayesian Inference

According to the Bayes’ rule, the posterior distribution can be computed as

(x]y) = 2P X

[ po(f)p(yl )k

prior likelihood

14



Standard Linear Models

O Exact Bayesian Inference

According to the Bayes’ rule, the posterior distribution can be computed as

po (X) p(y | X) marginalization
P () p(y [X)dx =

RIS (1Y) =], p(x[y)ix,

Posterior mean )'z_MMSE :J.)(i p()(i |Y)dx.

i Minimum mean square

Posterior variance MMSE 2 MMSE \2 Error (MMSE) estimate
ior vari .
Y jxi p(x; [y)dx —(Xi )

15



Standard Linear Models

O Exact Bayesian Inference

According to the Bayes’ rule, the posterior distribution can be computed as

y | X) marginalization
p(X PO [Y)& . pix]y)dx,
o C Dy [ X)dx ) — Q: D

Posterior mean )’QMMSE J.X p(X |y)dX

Posterior variance VMMSE J‘X p(X |y)dx ( MMSE)

Minimum mean square
Error (MMSE) estimate

N

v No closed-form solutions
There are no closed-form solutions for general problems

Exact inference is
intractable!

v’ Curse of Dimensionality:
Intractable due to high-dimensional integration/summation
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Standard Linear Models

O Exact Bayesian Inference

According to the Bayes’ rule, the posterior distribution can be computed as

y | X) marginalization
p(X PO [Y)& . pix]y)dx,
o C Dy [ X)dx ) — é‘l: D

Posterior mean )zMMSE J.X p(X |y)dX

Minimum mean square

Posteri : IMSE e ,  Error (MMSE) estimate
osterior variance v, j‘x p(x |y)dx ( )

v No closed-form solutions
There are no closed-form solutions for general problems

Exact inference is
intractable!

v’ Curse of Dimensionality:
Intractable due to high-dimensional integration/summation

We have to resort to approximate inference methods

17




Standard Linear Models

O Graphical Models and Message Passing

“Graphical Models are a marriage between probability theory and graph theory. ”
—Miichael I. Jordan

Intuitively, graphical models expresses the probabilistic relationship, i.e., conditional
dependence structure between random variables.

X, X X; Xr
f/— ‘/_ — rf"‘_'_\-\\'l
l\\_ I—b\ll\)—b . . . I\l_/'

HMM (directed models) MRF(undirected models)

-@
O
@
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Standard Linear Models

O Graphical Models and Message Passing

“Graphical Models are a marriage between probability theory and graph theory. ”
—Miichael I. Jordan

Intuitively, graphical models expresses the probabilistic relationship, i.e., conditional
dependence structure between random variables.

X X X; Xr
e | a
\E—\ll\)—b . " w —b—l\l-/ll
Y, Y, Y, Y,
HMM (directed models) MRF(undirected models)
Kalman filtering/Viterbi algorithm Belief propagation

Graphical Models not only provide a rich framework for representing high-
dimensional statistical models, and more importantly, fascinates the design of
efficient inference algorithm (e.g., message passing) in a principled manner.

\_ J
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Standard Linear Models

0 Expectation Propagation (EP) [Minka01] [Opper05]

p(X) _ Hfa(x) approximated:s q(X) _ H]’Za(x)

Space of all distributions Exponential

family distribution

q(x) €))

q(x) =Pro j(p(x))

20



Standard Linear Models

0 Expectation Propagation (EP) [Minka01] [Opper05]

p(X) _ Hfa(x) approximated:s q(X) _ H]’Za(x)

Space of all distributions i
family distribution .
X) =Pro X

Optimization objective: min KL( p(X) || q(X)) ¢(x) = h(x) exp{OTgb(m) + g(@)}

21



Standard Linear Models

0 Expectation Propagation (EP) [Minka01] [Opper05]

_ Hfa(x) approximated:s q(X) _ H]'ZG(X)

Space of all distributions

Exponential
family distribution

Optimization objective:

Iteratively refine each factor

L@ =argmin KL(f,(x)[] £ &) || tx)]] /)

t(x)ed

22



Standard Linear Models

0 Expectation Propagation (EP) [Minka01] [Opper05]

_ Hfa(x) approximated :s q(X) _ H]'ZG(X)

Space of all distributions

Exponential
family distribution

& 4(x) = Pro  (p(x))

Optimization objective: min KL(p(X) || q(X)) ¢(x) = h(x) exp{OTgb(m) + 9(9)}

Iteratively refine each factor

L@ =argmin KL(f,(x)[] £ &) || tx)]] /)

tx)e® b=a b=a

4 )
e Variational inference (VI) minimizes KL(q/ [ p) while EP minimizes KL(p[/q)

* EP is one kind of iterative fixed-point algorithm
* EP can be also implemented as message passing on factor graph

\_ J 23




Standard Linear Models

O Expectation propagation [Minka01] [Opper05]

Factor Graph is one kind of bipartite graph which represents the factorization of a distribution where

- Circles represent random variables

- Squares represent compatibility functions
- One circle x connects one square f if and only if f is a function of x

p(x) =T (%) Fo (%% ) £ (%, %, %)

fy

%

@

24



Standard Linear Models

O Expectation propagation [Minka01] [Opper05]

Factor Graph is one kind of bipartite graph which represents the factorization of a distribution where

- Circles represent random variables

- Squares represent compatibility functions
- One circle x connects one square f if and only if f is a function of x

p(x) =T (%) Fo (%% ) £ (%, %, %)

Local message passing
for general factor graph

fy

%

@
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Standard Linear Models

O Expectation propagation [Minka01] [Opper05]

Factor Graph is one kind of bipartite graph which represents the factorization of a distribution where

- Circles represent random variables

- Squares represent compatibility functions
- One circle x connects one square f if and only if f is a function of x

p(x) =T (%) Fo (%% ) £ (%, %, %)

N
7

Local message passing
for general factor graph

fy

%

@
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Standard Linear Models

O Expectation propagation [Minka01] [Opper05]

Factor Graph is one kind of bipartite graph which represents the factorization of a distribution where

- Circles represent random variables
- Squares represent compatibility functions

- One circle x connects one square f if and only if f is a function of x

p(x): fl(xi) fz(X1’X2)f3(X21X3’X4) f,

(X,

%

Local message passing
for general factor graph

Factor to node:

Expectation Propagation (EP)

f

&

f,

@

Proj[m,_,(a) [ 1x) T] (o), ]

jEN(a),j=i

z,)

ma—w'( 1

mi—>a <$z>
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Standard Linear Models

O Expectation propagation [Minka01] [Opper05]
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Standard Linear Models

O Expectation propagation [Minka01] [Opper05]

Factor Graph is one kind of bipartite graph which represents the factorization of a distribution where

- Circles represent random variables
- Squares represent compatibility functions

- One circle x connects one square f if and only if f is a function of x

p(x)=f.(%) f, (%% ) f5 (% %, %,) f —Oo— G —Co—f—X)

Local message passing
for general factor graph

Expectation Propagation (EP)
Projq)[mpa(%) f h(x,) H mj%a<xj)dxa\i]

jEN(a),j=i

mi—>a <$z>

Factorto node: m

a—w'(xi) X

Node to factor: mi_w (xz) X H mb—w’ <xz)
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Standard Linear Models

O Expectation propagation [Minka01] [Opper05]

Factor Graph is one kind of bipartite graph which represents the factorization of a distribution where

- Circles represent random variables
- Squares represent compatibility functions
- One circle x connects one square f if and only if f is a function of x ﬁ@

p(x) =T, (x) T, (% %) (%%, %,) f, —o—{f, —— 1
Expectation Propagation (EP)
Proj@[miﬂa(xi) f Julx m;_, (2

]EN(a) j=i

Factor to node: maﬁi(xi) 06

@

)dxa\l]

Z—>d< >

Node to factor: mi_w (xz) X H mb—w’ <xz)

Local message passing
for general factor graph

After convergence or a maximum number of iterations, the marginal distribution is
the product of all the incoming messages from neighboring factors

O( H mbﬂ

\ bEN (i)

30




Standard Linear Models

O Factor Graph of the SLM
For the SLM, the posterior distribution can be factorized as follows

h

p(x|y)ocHpo(xi)HM(ya;ejjx,az>

fu

31



O Factor Graph of the SLM

Standard Linear Models

For the SLM, the posterior distribution can be factorized as follows

pOIy) o= [T o (O[] A (veia™,0%)

h

Py (7))

fu

Y
Ja
Expectation Propagation (EP)

PYOJ(I) mej_} p(y, ]x]
t

m; . (%;)

o
Pro I :1:@)12[ m,’j_}z ]
m,_,(;)

32



Standard Linear Models

O Factor Graph of the SLM
For the SLM, the posterior distribution can be factorized as follows

pOIy) o= [T o (O[] A (veia™,0%)

I
Ja
fl fa oo | fu Expectation Propagation (EP)
message passing PfOJ@ Ha mej_}a ?/a’X)]
mfmi(%) X t]m
S—) mHa(w)
PI‘O j xl)H mb—>z ]
mfila(xl) X b
mé—n'(xz')

Py (7))

The projection set @ is chosen to be Gaussian distribution
so that the messages become Gaussian distribution

33



Standard Linear Models

O An EP Perspective on AMP

a—>z(x ) /l/( a—mvé_m) where
t+1 t—l—l t+1
mi—>a( ) X ’/l/( z—>a7 z—>a)

it
a—n Z |Aa_;u J_m Za—n ZAajlj—m
i JjFi
~t o ya T Zé—w t o 0-2 + V;—n
a 7 ﬁz |z a 1 7 |Aa7 |2 ( )
at - A* — Zt .
Et [ } £t st ai\Ya a—+i
> rn 7o Bt D Wi s
[u]
*t+1 t st ~t+1 t st
= fa (R}, %) ot = f. (R %)
1 _ 1 |Am|"*
vihe vih 0P +Vi,
t+1 * t
Gl ot (1}'+ _Aa ( Za—n))_
\Ha Ty 0+ Vasss /
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Standard Linear Models

O An EP Perspective on AMP Vi =Y Auli, Zt =Y Agit, \
i JjFi
a—>z(x ) X /l/( a—>z’ UCtI,—>Z) where ;f;t o Yo — Zé—w ’Ut e 0-2 + V;—n
a—1 ’Ya—1 2
t+1 FHL ot f;i 12 i 4. ( )
m; " x N RISV #:{ ai }_ Avi(Ya — Zo
7 a( ) ( 2 a’ Z a) Ez ZO’ _I_V:_H szzfzﬂ: GZ"‘V}_}:

. i ~t4+1 t st .
. Ho.w?ver, the numbe.r of messages are O(MN), which mi-l- = f, (R-, Ei) L,.;_f—l—l — f. (Rt-._ E;)
is still intractable for high-dimensional problems

1 B 1 | Agil?
1 1 ’ .
vit, vt otV Still Too
NEE B | i’f+] _ Agi(; Complicated!
\i’“z—m =Visa as! 2 )
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Standard Linear Models

O An EP Perspective on AMP
)

t

a—m(x ) X /l/( a—>z?va—>z where
t+1 t-l—l IH—l
mi—>a( ) X ’/l/( z—>a7 z—>a)

* However, the number of messages are O(MN), which
is still intractable for high-dimensional problems

* To reduce the number of messages, neglecting the

high-order terms in large system limits

/ ZAmm V= Zmm Ha\

ZLI:Z.E Aai®iq, QBecareful'
t t
Vini = Ve ViV,

t+1

\ui—}a

t+1
vt ) ViR AL y
1

1{:—»1 Z |Aa_] j—?a Z;—H ZAajlj—m
i g7
t Y. — ;—w' ¢ - o? + Vat_n-
T
ait - A*. — Zt .
Et [ } t f ai\Ya a—+i
! Z o+ Vi, B =2 Zﬂ: o2 4 VI
O g (RS o= g (R
1 | Aai|”
t+1 — | t+1 T .
vt vt etV Still Too
~141 * .
1 _ et (f'»t- _ 4.yl Complicated!
i—a = Ti—ra UH_] o2 )

\J

i
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Standard Linear Models

O An EP Perspective on AMP

mé_}z( z) X -/l/( a—>w7}2_>z') where
t+1 /l/ t-l—l IH—l
mi—>a( ) X ( z—>a7 z—>a)

* However, the number of messages are O(MN), which
is still intractable for high-dimensional problems

* To reduce the number of messages, neglecting the
high-order terms in large system limits

/ Z Am.lr _ Z 44a1|2y?—>a\

V!

A Z; Agidt » Be careful!
t t

‘Va—H V—a 1{;—}1 ~ 1Vc.’lt

il o it ‘ Viz |2t

\f—m, 1
i

* After some algebra, we obtain the famous
approximate message passing (AMP) algorithm.

V{f—n Z Aa}|2yj—m Zé_” Z 4'5‘3'13_“1
i 17
~t _ ya T Za—>z t . 02 + Vaf—n
a—1 [4;2 |2 a:)Z |Aa7l |2 ( )
“Aasg - 44” — Zt .
Et [ —} f f ai\Ya a—+1i
‘ Z o? + VI, R; =% Zﬂ: o2+ VI
it = fo (RLED) ot = f. (RS
1 B 1 Agil?
t+1 t+1 1 .
I’f:a Vv:+ o+ Vi, Still Too
I""f—f—l 3 . °
_ 1 (E AL(yl Complicated!
o imal il o2
T

X. Meng, S. Wu, L. Kuang, and J. Lu, “An expectation propagation
perspective on approximate message passing,” IEEE Signal Processing
Letters, vol. 22, no. 8, pp. 1194-1197, Aug. 2015.

¥

AMP Algorithm

Initialization

Loop: Fort=1,.., T
Vo =2 A Qnsager term
Factor
node
update Z aiTi
_ [Ti=1/) fvt Linear Complexity
Variable a O a
node “ t At t Aai(ya B Z;) O(MN)
update i it EZ-Z 2yt
Lzt = B(s, | RL3L),00 = Var(s, | R, 2Y)
End

37



Standard Linear Models

O An EP Perspective on AMP

AMP iteratively decouples the original vector inference problem to scalar inference problems

decoupled le =z, + 1y

y = AX +n _ |- decoupling principle

kRN = Ty T Ny

38



Standard Linear Models

O An EP Perspective on AMP

AMP iteratively decouples the original vector inference problem to scalar inference problems

decoupled le =z, +n

y = AX +n _ |- decoupling principle

kRN = Ty T Ny

* Notes of AMP
v'Fori.i.d. Gaussian A, AMP is proved to be asymptotically
Bayesian optimal and rigorously analyzed via state evolution
(SE) [BM11]
v'For general matrices A, AMP may diverge [BM11]
v'Vector AMP (VAMP) converges for right-rotationally
invariant matrices [RSF16]
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Standard Linear Models

O An EP Perspective on AMP

AMP iteratively decouples the original vector inference problem to scalar inference problems

decoupled le =z, +n

y = AX +n _ |- decoupling principle

kRN = Ty T Ny

* Notes of AMP
v'Fori.i.d. Gaussian A, AMP is proved to be asymptotically
Bayesian optimal and rigorously analyzed via state evolution
(SE) [BM11]
v'For general matrices A, AMP may diverge [BM11]
v'Vector AMP (VAMP) converges for right-rotationally
invariant matrices [RSF16]

\

(The EP perspective of AMP:

v’ Explicitly establishing the relationship between AMP and EP for the first time
v' Simplifying the extension of AMP to the complex-valued AMP (simply using circularly-
symmetric Gaussian) [MWKL15b]

v Providing a unified view of AMP and VAMP (derived from scalar EP [MWKL15a] and

\_ vector EP [RSF16], respectively ) J

X. Meng, S. Wu, L. Kuang, and J. Lu, “An expectation propagation perspective on approximate message 20
passing,” IEEE Signal Processing Letters, vol. 22, no. 8, pp. 1194-1197, Aug. 2015.




Standard Linear Models

O An EP Perspective on AMP

AMP iteratively decouples the original vector inference problem to scalar inference problems

decoupled le =z, + 1y

y = AX +n _ |- decoupling principle

kRN = Ty T Ny

* Notes of AMP
v'Fori.i.d. Gaussian A, AMP is proved to be asymptotically
Bayesian optimal and rigorously analyzed via state evolution
(SE) [BM11]

v'For general matrices A, AMP may diverge [BM11] . | m
v'Vector AMP (VAMP) converges for right-rotationally Circularly-symmetric Gaussia

Complex-valued-version

~

Scafar Vegtor

CLT & Taylor ¢ or graph  factof graph

invariant matrices [RSF16]

(The EP perspective of AMP:

v’ Explicitly establishing the relationship between AMP and EP for the first time
v' Simplifying the extension of AMP to the complex-valued AMP (simply using circularly-
symmetric Gaussian) [MWKL15b]

v Providing a unified view of AMP and VAMP (derived from scalar EP [MWKL15a] and

\ vector EP [RSF16], respectively ) /

X. Meng, S. Wu, L. Kuang, and J. Lu, “An expectation propagation perspective on approximate message
passing,” IEEE Signal Processing Letters, vol. 22, no. 8, pp. 1194-1197, Aug. 2015.
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II. Generalized Linear Models



Generalized Linear Models
O Motivations

Unknown linear mixing probabilistic mapping observations
Signals/parameters

x € RN _
X~ py(X) ——s AcRMN ZZAX

> p(valz,) — yeRY

e GLM is more general: the measurements are often obtained in a nonlinear way
v’ Difficult to perform inference due to the nonlinearity (non-Gaussian likelihood)
SLM inference algorithms have already been extensively studied
v’ Simple to design and analyze
v’ Various algorithms, e.g., AMP and sparse Bayesian learning (SBL) have already been proposed
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Generalized Linear Models
O Motivations

Unknown linear mixing probabilistic mapping observations
Signals/parameters

X e RN _
X~ Pp(X) —> AeR"N 2= X

> p(Yalz.) — yeRM

e GLM is more general: the measurements are often obtained in a nonlinear way
v Difficult to perform inference due to the nonlinearity (non-Gaussian likelihood)
e SLM inference algorithms have already been extensively studied
v’ Simple to design and analyze
v’ Various algorithms, e.g., AMP and sparse Bayesian learning (SBL) have already been proposed

Is it possible to perform the GLM inference
using the existing SLM inference algorithms?

Easily extended?

SLM Inference _
Algorithms

GLM Inference

Algorithms
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A Unified Inference Framework for GLM
O Two Equivalent Factor Graphs of GLM

Introducing

Po (X) X P(YIX)  Auxiliarynodez Py (X) x O(z-Ax) z p(ylz)
(— &

(a) factor graph of GLM (b) Equivalent factor graph of GLM

45



A Unified Inference Framework for GLM
O Two Equivalent Factor Graphs of GLM

Introduci
Po (X) X p(y|x) Au:n?:ryu:?dgez Po (X) x O(z-Ax) z p(ylz)
(a) factor graph of GLM (b) Equivalent factor graph of GLM

O Decoupling GLM into SLM via EP

Po (X) X 5(z—Ax) z m,_.(z) p(ylz)
—>
P

M-, (2)

mt-L. (Z) o ,/l/(Z; ZZXt (t _1)’Vixt (t-21)I ) EP message passing

2-5p (t-th iteration)

Projo (P(YIZ)M (2)) s
@) o N (zi 25" (1), Ve (D))

th (Z) oC
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A Unified Inference Framework for GLM
O Two Equivalent Factor Graphs of GLM

Introduci
Po (X) X p(y|x) Au:n?:ryu:?dgez Po (X) x O(z-Ax) z p(ylz)
(a) factor graph of GLM (b) Equivalent factor graph of GLM

O Decoupling GLM into SLM via EP

z m_,(z) plylz)
—
i

M-, (2)

P (X) X §(z-Ax)

mt-L. (Z) o ,/l/(Z; ZZXt (t _1)’Vixt (t-21)I ) EP message passing

2-5p (t-th iteration)

Projo (P(YIZ)M (2)) s
@) o N (zi 25" (1), Ve (D))

th (Z) oC
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A Unified Inference Framework for GLM
O Decoupling GLM into SLM via EP

Po (X) X &(z-Ax) Z M. (2) m,.,(2) p(yl2)
ro il
| (I |

Pseudo SLM MMSE module B
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A Unified Inference Framework for GLM
O Decoupling GLM into SLM via EP

Po (X) X &(z-Ax) Z M. (2) m,.,(2) p(yl2)
i T
I _I [ |

Pseudo SLM MMSE module B

 The original GLM is iteratively decoupled into a sequence of simple SLM problems

2 o Component-wise

P Li M | (t-1),v; (t-1)
seudo Linear odes MMSE

~/

= Ax+ﬁ 2 =222 2]

Zext (t) Vext (t) Vgost Var|:Z | Zext ext:|

Zext (t) VeXt (t)
\ Module A ) \ Module B /

1 1
ext post ext o 05 T e
Ve (t) VP (t) Vg (t) vBt(t) VER() v (t-1)

Note: The computation of posterior mean
z90(t)  zB(t)  zZR(t) ext post ext (s and variance of z in module A may differ
> =— -— zg ) 25 (1) z, (-1 for different SLM inference methods.

VZXt (t) \' Apost (t) VgXt (t) Vgxt (t) - Vv Igost (t) o VZXt (t . 1)
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A Unified Inference Framework for GLM
O Decoupling GLM into SLM via EP

Po (X) X &(z-Ax) Z M. (2) m,.,(2) p(yl2)
o i
_I [ |

Pseudo SLM MMSE module B

 The original GLM is iteratively decoupled into a sequence of simple SLM problems

Universal Algorithm Design

Pseudo Linear Models e’“ e’“ Component-wise Unified Inference Framework for GLM
_) MMSE o Initialization z%'(0),v:"(0)

~ e Fort=1:T Do

y — AX +N 2P = [z |25,V ex‘] 1. Perform component-wise MMSE
2. Update z3"(t),ve'(t)

~ N(0,6°1 29 (£), v (8) Vi = Var[z |25, v e“] 3. Perform SLM inference one or more
~ oxt oxt iterations
y=12g (t) =Vg (t) 4. Compute 23 (t),v2" (t) and then
update z%(t),ve" (t)
\ Module A \_ Module B Y,
1 1 1
ext pOSt ext -
Va (t) Va (t) Ve (t) VEXt ) Vém (t) V/iXt (t-1) Note: The computation of posterior mean
ext post ext x x and variance of z in module A may differ
Zga (0 = Z/;ost (1) - Zg(t (1) Z%t(t) — ZEOSt (t) - Zit(t -1) for different SLM inference methodZ.
Vi, (t) Va (t) Vg (t) V;Xt (t) VgOSt (t) VZXt (t . 1)

X. Meng, S. Wu and J. Zhu, “A unified Bayesian inference framework for generalized linear model,” IEEE Signal

Processing Letters, vol. 25, no. 3, Mar. 2018. o0




A Unified Inference Framework for GLM

O From AMP to Gr-AMP
The Gr-AMP Algorithm

Nz DD |- mitialization z:(0).v:(0)
'AMP. > |Component-wise .« Fort=1:T, Do
(TO iterations) oxt ext MMSE 1. Perform component-wise MMSE
zg (1).Vg (1) 2. Update 2% (t),v2'(t)
Module A Module B 3. Perform AMP for TO iterations
\_ J 4. Compute 20 (t),vi* (t) and then
update z' (t), V' ()
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A Unified Inference Framework for GLM

O From AMP to Gr-AMP .

ot ot s ~\ The Gr-tAMP tI-\Igorlthm

\ Z, (t=1),vy (t-1) i - Initialization z3'(0),v3"(0)
AMP > |Component-wise . Fort=1:T Do
(TO iterations) 29(1), v (1) MMSE 1. Perform component-wise MMSE
B \*/17B 2. Update z3"(t),ve'(t)

Module A Module B 3. Perform AMP for TO iterations

\_ J 4. Compute 20 (t),vi* (t) and then
update z' (t), V' ()

* Relation of Gr-AMP to GAMP
v' Gr-AMP is precisely equivalent to GAMP when TO = 1 and thus provides an insightful perspective
on GAMP: In effect, GAMP performs one iteration of AMP each time after transforming the GLM
problem to a pseudo SLM problem.
v A more flexible message passing schedule: double-loop implementation

-1 I I I I I

—=— GAMP | < Quantized CS for 1,2,3-bit cases:
-o-Gr-AMP.T0=4|1 N=1024,M=512,SNR=50dB

» Gr-AMP and GAMP converge to the same
performance for i.i.d. Gaussian A

» Total number iterations of AMP are about the same
while the number of MMSE operations is reduced
for Gr-AMP.

MSE (dB)

X. Meng, S. Wu and J. Zhu, “A unified Bayesian inference framework
for generalized linear model,” IEEE Signal Processing Letters., vol. 25,
no. 3, Mar. 2018. 52
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A Unified Inference Framework for GLM

O From VAMP/SBL to Gr-AMP/Gr-SBL .
The Gr-VAMP/Gr-SBL Algorithm

79t _1 ’Vext t—1 4 N\ . Thitialioat: 294(0), v (0
VAMP/SBL DR )> Component-wise . IFT)':'?I':Z?LEI%nDOA OL0)
(TO iterations) oxt ext MMSE 1. Perform component-wise MMSE
zg (1).Vg (1) 2. Update 22(t),v® (t)
Module A Module B 3. Perform VAMP/SBL for TO iterations
\_ J 4. Compute 20 (t),vi* (t) and then
update z' (t), V' ()
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A Unified Inference Framework for GLM
O From VAMP/SBL to Gr-AMP/Gr-SBL

ot ot s ~\ The Gr-VAMP/Gr-SBL Algorithm
\ Zy (t=D),vy (=1 . « Initialization z% (0),vy"(0)
VAMP/SBL —> |Component-wise . Fort=1:T Do
(TO iterations) 2 (), v (1) MMSE 1. Perform component-wise MMSE
B VB 2. Update z§"(t),ve'(t)
Module A Module B 3. Perform VAMP/SBL for TO iterations
\_ J 4. Compute 20 (t),vi* (t) and then
update 2} (t), v, (1)
m O .
Z ol Gr-AMP
L GAMP : :
R < T oot B M i Performance of de-biased NMSE for 1-bit CS
S s 1w 15 m » w w |Hoes ;v N =512,M=2048,SNR=50dB, sparse ratio 0.1

v TO = 1 for both Gr-VAMP and Gr-SBL

v When conditional number is 1, all kinds of

algorithms performs nearly the same.

v'As the condition number increases, the

o5 o 15 b 2s 3 % 40 45 8 recovery performances degrade smoothly for
by purperoreraens () = 100 Gr-VAMP/GVAMP/Gr-SBL while both Gr-AMP

dNMSE (dB)

% ’ and GAMP diverge for even mild condition
! number, which show the robustness of Gr-
= jg — e VAMP/Gr-SBL/GVAMP for general matrices.

107 107 102 107 10 10° 10%

(c) Condition Mumber s (A)

X. Meng, S. Wu and J. Zhu, “A unified Bayesian inference framework for generalized linear model,” IEEE Signal Processing

Letters., vol. 25, no. 3, Mar. 2018. >4




III. Extension of GLM to Bilinear Models
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Extension of GLM to Bilinear Models
O Bilinear GLM Problems

Matrix X Linear mixing Probabilistic mapping Observations
X RNXL M xL M xcL
X~ py(X;6,) —> A (unknown) W p(Y|Z;8,) —>Y e R™

e Assumptions
A(:) is a known affine linear function of unknown vector g, =b ,i.e,,

Q
ADb)=A,+D b A,  ©2(0:.04.6y)
g=1

e Goal
To jointly infer X and A, given Y with unknown parameters @

Oy = argmax py(Y;©).
©

XMMSE = E[X]Y: (;)ML]-
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Extension of GLM to Bilinear Models

O Bilinear GLM Problems

Matrix X Linear mixing

NxL

Probabilistic mapping Observations
M xL

X~y (X:6y) LN A (unknown) RSN p(Y|Z,8,) —>Y e RM*-

e Assumptions

Z=AX

A(:) is a known affine linear function of unknown vector g, =b ,i.e,,

e Goal

Q
ADb)=A,+D b A,  ©2(0:.04.6y)
g=1

To jointly infer X and A, given Y with unknown parameters @

Oy = argmax py(Y;©).

©

XMMSE = E [X| Y: é)h-'[L]-_

/Basic Idea:

\framework for GLM

Y =A(6,)X+N

v Extending to generalized nonlinear observations using the proposed unified

~

v First considering the simple case when the likelihood P(Y|Z;6) is Gaussian, i.e.,

/

57



Extension of GLM to Bilinear Models

O Standard Bilinear Problems

Y:A(QA)X+N © 2 {0x.04,0y)

X ~ p(X;0x) Hp X):ﬁp(xziﬁx) (Y|A ) H/l/(y| X1 T )
=1
/ EM learning framework \
E-step: Q(@,@t) =E t)[log p(X,Y;@)t )]

p(X|Y;®

Iterating >

M-step: 0" =arg maxQ(@ @t)

o J
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Extension of GLM to Bilinear Models

O Standard Bilinear Problems

Y:A(QA)X+N @é{gx 94 Qy}
X ~ p(X;0x) Hp x):Hp[Xziﬁx) (Y|A ) H/l/(y|
=1
/ EM learning framework
E-step: Q(©,0')=E v [Iog p(X.Y:® )]
) E-Step Too
Iterating Complicated!
M_Step: @'[-I—l — arg max Q (®, @I ) p(le,®t)
0]

&
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Extension of GLM to Bilinear Models

O Standard Bilinear Problems

Y:A(@A)X+N O£ (0x.04.0v)
X ~ p(X; 0x) Hp x):Hp[Xz 0 (Y|A ) H/l/(y|
=1
/ EM learning framework
E-step: Q(©,0')=E v [Iog p(X.Y:® )]
) E-Step Too
Iterating Complicated!
M_Step: @'[-I—l rg max Q (@ @I ) p(X|Y1®t)

&

» Solution

v’ The posterior distribution ID(XIY;@t

passing algorithms, e.g., AMP, and VAMP. In each iteration of EM

Replaced by

p(XIY:0') mmmp G

) can be approximated by message

| message
(XlY,® ) passing result
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Extension of GLM to Bilinear Models
O Bilinear Adaptive VAMP

Gaussian likelihood

P (X;6y) p(YIA(6,)%:6,)

f, X fy
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Extension of GLM to Bilinear Models
O Bilinear Adaptive VAMP

Gaussian likelihood

P (X;6y) p(YIA(6,)%:6,)

f, X fy
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Extension of GLM to Bilinear Models
O Bilinear Adaptive VAMP

Gaussian likelihood

D, (X6 ) p(YIA(6,)%:6,)
f, X fy
<— N —
Moy, (X)

t-1
m, f, (X) message in the last (t-1) iteration

L

Ch( XY ;@t ) Update the posterior distribution
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Extension of GLM to Bilinear Models
O Bilinear Adaptive VAMP

Gaussian likelihood

Dy (X:0 ) p(YIA(8,)%:4,)
fo X f,
m (X)

t-1
mx_,fY (X) message in the last (t-1) iteration

L

Ch( XY @ ) Update the posterior distribution

/ EM learning of HX \

M-step: 60" = arg| maxE (X [Iog Po (X:6x ) ]

Q Iterating >

SteP update ql XIY @
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Extension of GLM to Bilinear Models
O Bilinear Adaptive VAMP

Gaussian likelihood

o (Xi6x ) M, (X) P(YIA(G)X:8,)

f. X fy

t-1
mx_,fY (X) message in the last (t-1) iteration

L

Ch( XY @ ) Update the posterior distribution

/ EM learning of HX \

M-step: 60" = arg| maxE (X [Iog Po (X:6x ) ]

Q Iterating >

SteP update o(x|v;0')
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Extension of GLM to Bilinear Models
O Bilinear Adaptive VAMP

Gaussian likelihood

o (Xi6c) M, (X) e (X)) PIYIA(G)XE,)

fo—x x— f,

—_—> >

f, X fy

1 .
m;_) 5 (X) message in the last (t-1) iteration m;_) . (X) update message from variable to 7,

L

Ch( XY ;@t ) Update the posterior distribution

/ EM learning of HX \

M-step: 60" = arg| maxE (X [Iog Po (X:6x ) ]

C Iterating D

SteP update o(x|v;0')
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Extension of GLM to Bilinear Models
O Bilinear Adaptive VAMP

Gaussian likelihood

Po(Xib) i (X) m (X)) p(YIA(B)X4)
— ——— f
f, X Y
K= = = -
t-1

mx—>fY (X)
m;;l f, (X) message in the last (t-1) iteration m;_> f, (X) update message from variable to /,
ql( XY ;0 ) Update the posterior distribution d, (X Y0 ) Update the posterior distribution

/ EM learning of HX \

M-step: 60" = arg| maxE (X [Iog Po (X:6x ) ]

C Iterating D

SteP update ql XIY ®‘
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Extension of GLM to Bilinear Models
O Bilinear Adaptive VAMP

Gaussian likelihood

Po(Xib) mi L, (X)  m (X)) P(YIA@G)X4)
= "W
f X Y
K= = = -
t-1

mx—>fY (X)
mi‘j f, (X) message in the last (t-1) iteration m;_> f, (X) update message from variable to /,
ql( XY ;0 ) Update the posterior distribution q, (X Y0 ) Update the Eosterior distribution

/ EM learning of HX \ / EM learning of 6,,0, \

cton. Ot =argmaxE [ p(YIA(6,)X:6,)]
M-step: 6;°" :arg maxE (i) [Iog po(x-e )] M-step: y o, (xiie) LP |
" = arg ma\xqu(XlY;@[)[p(Y|A(¢9A)X,6?Y )]

Q Iterating > éteratingD

SteP update o(x|v;0') Sl update q, (xv;e') /
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Extension of GLM to Bilinear Models
O Bilinear Adaptive VAMP

Gaussian likelihood

po(X;6,) m  (X) m (X)  P(YIA(6,)X:6)

fo—x

f. X fy

t-1 t
mx—>fY (X) me—>x(X)
m,~ A (X) message in the last (t-1) iteration m, 3 (X) update message from variable to 7,
ql( XY ;0 ) Update the posterior distribution q, (X Y0 ) Update the Eosterior distribution

/ EM learning of HX \ / EM learning of 9 (9 \

H”ew—argmaxE ot | P(YTA(6,)X:6, )
M-Step' Hnew :arg maXE XY » [log po(xg )] M'Step Az (XIY ;€ )|: :I
| o =argmaxk, . [p(YIA(6,)%6,)

Q Iterating > éteratmg?

SteP update a(xIv:e') Sl update q, (x)v;e') /
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Extension of GLM to Bilinear Models
O Bilinear Adaptive VAMP

Gaussian likelihood

Po(Xib) i (X) m (X)) p(YIA(B)X4)
—_—> >
One-full iteration f X fY
is complete! 0 <€ <€
t t
mx—>fY (X) me—>x(X)
m,~ y (X) message in the last (t-1) iteration m! . (X) update message from variable to 7,
Ch( XY ;0 ) Update the posterior distribution q, (X Y0 ) Update the Eosterior distribution

/ EM learning of HX \ / EM learning of 6,,0, \

cton. Ot =argmaxE [ p(YIA(6,)X:6,)]
M-step: 6;°" :arg maxE (xvie) [Iog po(x-e )] M-step: y o, (xiie) LP |
" = arg ma\xqu(XlY;@[)[p(Y|A(¢9A)X,6?Y )]

Q Iterating > éterating?

SteP update o(x|v;0') Sl update q, (xv;e') /
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Extension of GLM to Bilinear Models

O From Linear to Nonlinear observations

Dy (X;6,) X 8(z-A0)X) , Z p(Y1Z:6,)
I M, p (Z)
e S— I — Non-Gaussian
: —— likelihood!
|

Factor graph of bilinear GLM
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Extension of GLM to Bilinear Models

O From Linear to Nonlinear observations

Dy (X;6,) X 8(z-A0)X) , Z p(Y1Z:6,)
I m,_p (Z)
! —_—> Non-Gaussian
: —— likelihood!
Factor graph of bilinear GLM ! m,.,,(Z)

« Similar to GLM, using EP, it can be iteratively decoupled into two modules

Pseudo linear () v Compl\zilt:;;-wise
20 = E[z, |2 ’Vfﬂ I\?.Iilir:eatAAdaptive ferlclaralized
~ X ector Approximate Message
Y =A(6,)X+N {22 }L Ve VP =(Var[z|255,v5" ) Passing (BAd-GVAMP) Algorithm
iz
Module A Module B
BAd-GVAMP

X. Meng, and J. Zhu, “Bilinear Adaptive Generalized Vector Approximate Message
Passing,” IEEE Access, 2019 72




Extension of GLM to Bilinear Models
O Experimental results of BAd-GVAMP

« Experiment 1: Quantized Compressed Sensing with matrix uncertamtv

=Q(A(b)c+w) A(b) = AD+Z i A

median NMSE of ¢ (dB)

10

-60

{A}E, € RMXN are known, b are the unknown uncertainty parameters.

10 T T

=+ —oracle 1 bit, debiased, M/N=3 —t—nbilinear 1 bit, debiased, M/N =3
—© —oracle 3 bit, M/N=1 —O—nhilinear 3 bit. M/N =1

— # —oracle 5 bit, M/N=1 —¥—bilinear 5 bit. M/N=1

— B - oracle unquantized, M/N =1 o q@—B—bilinear unquantized. MN=1 ||

median NMSE of b (dB)

0 20 40 60 0 20 40 60

number of iterations number of iterations

SNR 2 101log EE”ﬁ“H'L_ — 40 dB
v’ cis generated with uniformly random
support with K nonzero elements from
i.i.d N(0,1), we set N =256, G=10,K=10

v For M/N =1, the NMSE in dB is shown
in left figure:

-- Converges fast (20-30 iterations)

-- Same as the oracle performance.

X. Meng, and J. Zhu, “Bilinear Adaptive
Generalized Vector Approximate Message
Passing,” IEEE Access, 2019
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Extension of GLM to Bilinear Models
O Experimental results of BAd-GVAMP

« Experiment 1: Quantized Compressed Sensing with matrix uncertamtv

=Q(A(b)c+w) A(b) = AD+Z i A

{A}E, € RMXN are known, b are the unknown uncertainty parameters.

4 ' ' ' E||Ac
SNR £ 10log HlA<l — 40 dB
[l
v’ cis generated with uniformly random
support with K nonzero elements from
a- 8 i.i.d N(0,1), we set N =256,G=10,K=10
: 2
g ; v’ Then, the performance vs. ratio M/N is
2 2 evaluated:
__.-Jfa g -- As the increase of M/N, the recovery
= a0f =+ —oracle 1 bit. debiased 2 40 performance improves
o =& —oracle 3 bit 2] . .
— % —oracle 5 bt -- Approaching the oracle performance ina
-B- 1 tized a
b s 1 wide range of M/N values
0T 50| [——bilinear 1 bit. debiased
—E—Dilinear 3 bit
—#—bilinear 5 bit
—B— bilinear unquantized X. Meng, and J. Zhu, “Bilinear Adaptive
o0 04 0.6 0.8 1 o 0.4 0.6 0.8 1 Generalized Vector Approximate Message
sampling rate M/N sampling rate M/N Passing,” IEEE Access, 2019
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median NMSE (dB)

Extension of GLM to Bilinear Models
O Experimental results of BAd-GVAMP

« Experiment 2: Self-Calibration from quantized measurements

y = Q(diag(Hb)¥c + w) =

G
Q ( Zbidiag(hi)‘lf c+w
i=1

with known H € RM* and & € RM*N

Goal: to recover the K-sparse signal vector c and the calibration parameters b

-10
20F T~ ~2
- ~0C----9
30 T~3
T~ e
—— == -
-40 —E— 3bit bilinear = 3% —5bit oracle (b known)

= © =3bit oracle (b known) =HB=unquantized bilinear

-60

=== 5bit bilinear = B =unquantized (b known)
---- Q---=8:
2 3 4 5 6

sampling rate M/N

v K=10,G =8, M =128 and SNR =40 dB.
v H is constructed using Q randomly selected columns
of the Hadamard matrix, the elements of b and ¥ are
i.i.d. drawn from N(O; 1), and c is generated with K
nonzero elements i.i.d. drawn from N(O; 1).

NMSE = 10log [P =pe i
v' As the sampling rate increases, the mgdian NMSE
decreases.
v’ Near oracle performance.

X. Meng, and J. Zhu, “Bilinear Adaptive Generalized Vector
Approximate Message Passing,” IEEE Access, 2019
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Extension of GLM to Bilinear Models
O Experimental results of BAd-GVAMP

« Experiment 3: Structured dictionary learning from quantized measurements

Goal: Finding a dictionary matrix A and sparse matrix X such that

Y =Q(AX+N) AeR"™M XeR™

G
Q (') is a quantization function A= Z:biAi

i=1
10 .
e | bit
. —&—3bi )
0 it v G=M=N=64 and SNR = 40 dB.
== unquantized -
10] Y C[lA = 2A|2

NMSE(A) £ min
20+ %\G‘M T (4) AeR HAH%
230 T =9 | vV Asthe training length L increases, the NMSE
ol decreases and dictionary matrix A has been learned

median NMSE (dB)
q

with high performance.
2l %\B\E\H\H_kH!
-60) L I |

0 20 40 60 80 100

o X. Meng, and J. Zhu, “Bilinear Adaptive Generalized Vector
training length L

Approximate Message Passing,” IEEE Access, 2019
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Conclusions

Considering approximate Bayesian inference methods for generalized
linear models (GLM) using the message passing approach

Deriving the approximate message passing (AMP) algorithm from
expectation propagation

Proposing a unified approximate inference framework for GLM
— Simplifying the extension of various SLM inference algorithms to GLM inference
— Providing new insights on some existing GLM inference algorithms

Extending the GLM to bilinear matrix recovery problem and proposing
one efficient message passing algorithm called BAd-VAMP
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