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Backaround

O 3 little princes from 3 planets

Hi, I study disordered
systems in statistical
physics.

Hi, I study coding and

compressed sensing. Hi, I study machine

‘ v learning.
o S oy
iy HA . Statistical Physics Planet A’
NP> " N
> A
) 4}\?‘\
4 x
/“" W
,,4 ____________ >
4 e
- ﬁZ}“T/‘\" { ﬁk’\)
Information theory Planet B Computer Science Planet C
4 )

After a long time discusstion, it turns out that
they are studying similar problems using different langurages




Background

O Communication

“The fundamental problem of communication is that of

reproducing at one point either exactly or

approximately a message selected at another point”
—Shannon (1948)

INFORMATION

SOURCE TRANSMITTER RECEIVER DESTINATION
R > >
SIGNAL RECEIVED
SIGNAL
MESSAGE MESSAGE

X (Unknown singal ) Y (known observations)
Figure copied from “A Mathematical noise

Theory of Communication” ?

X=:
NOISE
SOURCE

Fig 1. Schematic diagram of a general communication system

Claude Elwood Shannon
(1916-2001)



Background

O Communication

“The fundamental problem of communication is that of

reproducing at one point either exactly or

approximately a message selected at another point”
—Shannon (1948)

INFORMATION

SOURCE TRANSMITTER RECEIVER DESTINATION
—> > —>>
SIGNAL RECEIVED
SIGNAL
MESSAGE MESSAGE

X (Unknown singal ) Y (known observations)

Figure copied from “A Mathematical noise
Theory of Communication” ?
X=:
NOISE
SOURCE

Fig 1. Schematic diagram of a general communication system

« QI1: How to quantize information?
Entropy H=->, p«logpxk

* Q2: What is the capacity of a communication system?
Shannon Formula: C = W*log(1+S/N) maxmimum rate

* Q3: How to approach the capacity?
Channel coding (Turbo code, LDPC code, Polar code in 5G)

Claude Elwood Shannon
(1916-2001)

'You should call it entropy, for two
reasons. In the first place your
uncertainty function has been used
in statistical mechanics under that
name, so it already has a name. In
the second place, and more
important, no one really knows
what entropy really is, so in a
debate you will always have the
advantage.'

—John von Neumann
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Background

O Communication

Received

vessagey  TOKYe Institote of Technalogy

Corrected

vessazex  TOKYO Institute of Technology

There is structure within the transmitted codes.

. noisy
/ Coding w\ channel Decoding \
0

To+x1 +22 =0

what is x given
observations y?

331+£13’2-|—£L‘3:0 :UQ

constraint function

X=7

To+x3+24 =0

L4
wding structure

OO ®OC

J




Background

O Compressed Sensing

- Massive data acuisition
*  Most of the data is reduntant
e Wasteful meaurements

* Could we acqure images using
less/efficient measurements?

Raw: 15MB JPEG: 150KB

This slide is copy from https://www.raeng.org.uk/publications/other/candes-presentation-frontiers-of-engineering
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Background

O Compressed Sensing

- Massive data acuisition
*  Most of the data is reduntant
‘99 *° Wasteful meaurements

* Could we acqure images using
less/efficient measurements?

JPEG: 150KB

N>M
M .
» compress transmit/store
X (Unknown image) = N @ %

sparse
wavelet
transform

- M N A

receive > decompress ——

Y (known observations) X=?

This slide is copy from https://www.raeng.org.uk/publications/other/candes-presentation-frontiers-of-engineering
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Background

O Bayesian Perspective

XNP(X) —p [transformations ] —_— y

Unknown Signal Known Observations
what is x? j

13



O Bayesian Perspective
Prior distribution

X ~ p(X) =—>

Unknown Signal

p

Z

Thomas Bayes (1702-1761)

Background

likelihood distribution

[ p(y|x) } — Y

Known Observations
&)sterior distributM

p(Y’X)p(X) Bayes' rule
p(y) evidc.er!ce
A p(y) _ ZP(Y‘X)p(X) (partition

function)

(xly) =

14



Background

O Bayesian Perspective likelihood distribution

I’Xﬁorr\fii;;r(il}o(u)tion [ D (y ‘ X) ] y

Unknown Signal

Kngwn Observations
&)sterior distributM

p(y ’ X)p(X) Bayes' rule

p(x|y) =
p (Y) evidence
titi
Thomas Bayes (1702-1761) < function)

O Goal
marginal distribution P(Z;|y) = Z p(x]y)

posterior mean T, = FE(x;ly) = g z;p(T;|y)



Background

O Bayesian Perspective likelihood distribution

PXriorr\jiizzi;)(u)tion [ D (y ‘ X) ] y

Unknown Signal

Kngwn Observations
&)sterior distributM

p(y ’ X)p(X) Bayes' rule

p(xly) =
p (Y) evidence
titi
TN 7 £ p(y) — ZP(Y‘X)p(X) (par |. ion
Thomas Bayes (1702-1761) < functlon)

O Goal

Curse of
Dimentionality!

marginal distribution P(Z:|y) = Z p(x]y)

T 7T
posteriormean I; = F (z;|ly) = Z zip(zily) &8 NSNS O(2”N)
i

[ We have to resort to approximate Bayesin Inference methods ]
16




Outline

« Variational Inference
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Variational Inference

O Two Common Approaches of Approximate Inference

Variational Inference Sampling Method

« Deterministic « Stochastic
 Biased  Unbiased

 Scalable * Non-scalable

18



Variational Inference

O Basic Principle

o P(X|Y)
q*

Variational Family Q

All probability distributions

To approxmate complicated target distribtuion

p with a simple distribution q as close to p as possible

a=p

19



Variational Inference

O Basic Principle

o P(X|Y)
q*

Variational Family Q

All probability distributions

To approxmate complicated target distribtuion

p with a simple distribution q as close to p as possible

a=p

-

N

Optimization problem g* = argmin KL(q(X)||p(x]y) )

KL divergence

“distance”

qeQ

KL(qllp) = ) (<) log

q(x)

p(X

~

20



Variational Inference

O Basic Principle

o P(X|Y)

q

Variational Family Q

All probability distributions

min KL(q(x)||p(x]y) )
q€Q

To approxmate complicated target distribtuion
p with a simple distribution q as close to p as possible

q(x)
q=p

1(x) log (%)

Optimization problem

KL divergence

“distance”

J

_

* Non-negativity of KL

KL(p|[q) >=0 and KL(p[|q) =0 if and only if p = q

* Non-symmetry of KL
KL(p||q) is not equal to KL(q[ | p)

[E=)  “Gibbs inequality”
|:> gseudo distance

21



O Basic Principle

Variational Inference

« KL divergence

KL(gllp) = > a(x) logqg

p

q

min KL(ql|p)

-

X)
)

p

4

min KL(p||q)

figure copied from [Bishop06]

22



Variational Inference

O Basic Principle

- KL divergence ©
goal
q(x)

KL(qllp) = ) q(%) log:

p min KL(ql|p) min KL(pl|q)

q #

_J

Remember that VI uses KL(qg||p)

figure cg

To calculate the KL divergence, we must know the target distribution
in adance, which is our primary goal!




Variational Inference
O ELBO bound

z (x) log q(0p(y) Bayes' Rule

KL(g(®)llpix]y)) = Z a0 log pxy)

= Yxq(x) log q(x) — Xx q(X) log p(x,y) + log p(y) Expansion

20  “Gibbs inequality”



Variational Inference

O ELBO bound

) gx q(x)p(y)
KL(q()llplx|y)) = Z a(®log o = Z a@log = )

= Yxq(x) log q(x) — Xx q(X) log p(x,y) + log p(y)

20 “Gibbs inequality”

Bayes' Rule

Expansion

\

logply) 2 Z 1G9 logplxy) — ) q(x)logq(x)
J X J

| |

Log Evidence Lower Bound (ELBO)
Partition function

\

~

25



Variational Inference
O ELBO bound

_ qx) q(x)p(y) ,
KL(q(®)|lp(x|y)) = Z 400 log 1 = Z a9 1og T2 Bayes' Rule

= Yxq(x) log q(x) — Xx q(X) log p(x,y) + log p(y) Expansion

20 “Gibbs inequality”

4 )
logply) > Zq(x) logp(xy) = ) q(x)logq(x)
l J X J
Lob !
Partition function Evidence Lower Bound (ELBO) )

KL(q®)||p(x]y))

minimize KL = maximize ELBO

ELBO log p(y)




O ELBO bound

Variational Inference

Big Picture of VI

difficult

Bayesian
Inference

Variational
principle L. L.
KL minimizatio

easy

Gibbs

Inequality [

ELBO
maximization

|

Inference problem transformed to
optimization problem

27



Variational Inference
O Analogy between different planets

Computer Science Planet ~ plyl|x)p(x)

P\X|y) =
(x[y) p(y)
evidence

(e o] IR0 £ <10gp (X7 Y)>q +H (Q(X)) < logp (Y)

Statisticl physics Planet e BEGs,

) = Z(B,J) free energy
variational BFq (J) A 6 <E (S, J)>q — H (q(S)) > —log Z(B, J)

free energy

Statistical Physics Computer Science/Information Theory

Spins/dgrees of freedom s Hidden variables/signal of interest x

Couplings/quenched disorder J  Data observations y Table modified from

Boltzmann factor e~ #£(s:/) Joint distribution p(x,y) Table | in [Mehta et al 19]
Partition function Z (3, J) Evidence p(y)

Energy SE (s, J) Negative log-joint distribution — log p(x,y)

Free Energy — log Z (3, J) Negative log evidence — log p (y)

Variational distribution ¢(s) Variational distribution ¢(x|y)

Variational free energy SF, (J) Negative ELBO -ELBO
28




Variational Inference

O Why transfroming inference to optimization?

max ELBO = ., q(x) logp(x,y) — 2x q(x) log q(x)

There are a bunch of optimization methods we could leverage!

® different choice of q
v' structure: mean-field, Bethe, etc.
v’ parametric: Gaussian, nueral network, etc.

e different optimization methods
v' coordient descent
v gradient descent
v' stochastic gradient descent
v natural gradient descent

Different combinations lead to different inference
algorithms

29



Mean-filed Approximation
O Mean Field Approximation

max ELBO = )., q(x) logp(x,y) — 2x q(x) log q(x)

X) = Xi
q(x) Uq( ) different variables

Mean Field structure are independent

ELBO

= z 1_[ q(x;)logp(x,y) — Z q(x;) log q(x;)

30



Mean-filed Approximation
O Mean Field Approximation

max ELBO = )., q(x) logp(x,y) — 2x q(x) log q(x)

X) = Xi
q(x) Uq( ) different variables

Mean Field structure are independent

Input: A model p(xy) . a dataset
Using coordinate descent optimization, we Output: q(x) = l_["("")
obtain the variational message passing
(VMP) algorithm:

ELBO

o=y i
I: Initialize variational tactors q(X)

3

while the ELBO has not converged do
forle1,2,---,ddo

‘o

= z 1_[ q(x;) logp(x,y) — z q(x;) log q(x;) 4 q(x;) X exp {‘Enm a(xy)[logpxy)]}
o1 : 5:  end for
6: Compute ELBO
7: end while



Bethe Approximation

O Bethe approximation/Kikuchi Approximation

max ELBO = )., q(x) logp(x,y) — 2x q(x) log q(x)

— [laq(xq) i
Bethe A t — as pair-wise
cthe Approximationgy) = e USg | it
ELBO with Bethe Approximation i

_ z 2 q(xg)logq(x,) + Z(di -1) 2 q(x;) log q(x;)

s.t.

32



Bethe Approximation

O Bethe approximation/Kikuchi Approximation

max ELBO = )., q(x) logp(x,y) — 2x q(x) log q(x)

N [laq(xq) i
Bethe A t — as pair-wise
cthe Approximationg(y) = e UEG | e
ELBO with Bethe Approximation i

_ z 2 q(xg)logq(x,) + Z(di -1) 2 q(x;) log q(x;)
s.t.

Mgi(X;) = z fa(Xa) Hmj—m(xi)

Xa\X; Jj

Belief Propagation(BP)

Langrange
Multiplier ) = (s
ernl?égcé)e gilfﬁ(g%\ the
factor graph

[Yedidia et al 02,05] 33



Belief Propagation
O A Toy Example

There are 4 random discrete variables, each taking 10 possible values randomly.
The joint distribution is

p($1,$2,$3,$4) :p(ﬂil)p(il?z\%l)p(%:s\@)p(5134\332)

Question: How to compute the maginal distribution y & (CL’Q)

34



Belief Propagation
O A Toy Example

There are 4 random discrete variables, each taking 10 possible values randomly.
The joint distribution is

p($1,$2,$3,$4) =p(xl)p(xz\m)p(ﬁs\wz)p(5134|$2)

Question: How to compute the maginal distribution y & (5172)

Direct Answer: marginalize out all other varibles of the joint distribution

= Y p(@1)p(walr1) p(w3|22) p (2a]22)

1,T3%4
(Number of values of L2 10 N
For each combination X1,Tg,T4 3 multiplications
\Number of combinations X1,Tg,T4 10*10*10 = 103 y O ( 1 04 )
é )
Total Number of Multiplications : 10*3*103=3*104
Total Number of Additions : 10*(103-1) ~10°

. _/

35



Belief Propagation
O A Toy Example

There are 4 random discrete variables, each taking 10 possible values randomly.
The joint distribution is

p($1,$2,$3,$4) =p(xl)p(xz\m)p(ﬁs\wz)p(5134|$2)

Question: How to compute the maginal distribution y & (5172 )

Direct Answer: marginalize out all other varibles of the joint distribution

= Y p(@1)p(walr1) p(w3|22) p (2a]22)

1,T3%4
(Number of values of 2 10 )
For each combination X1,Tg,T4 3 multiplications
\Number of combinations X1,xg,x4 10*10*10=10° O ( 1 04 )
é )
Total Number of Multiplications : 10*3*103=3*104
Total Number of Additions : 10*(103-1) ~10°

.

The structure of the joint distribution is totally ignored! 36



Belief Propagation
O A Toy Example

The distributive law

ab+ ac = a (b+ c)



Belief Propagation
O A Toy Example

| ab+ ac = a(b+ c)

Alternative Answer:

= > p(@)p(@2]e))p(esfs) p(ra]as)

= Zp(ml)p(%!ﬂ?l)z:p(ﬂ?ﬂ@)ZP(MICIZQ) The distributive
| | ] ¢ J

| | |

mA(XZ) mB(Xz) mC(XZ)

38



Belief Propagation
O A Toy Example

ab+ac=a (b+ c)

Alternative Answer:

p(x2) = Z p(x1) p (z2|x1) p (z3|T2) P (T4|72)

_ ZP(CC1)Z?(£U2!£E1)ZP(CB3|$2)ZP(CE4|332) ThediT:;ivbutive
U ) & ) € J
| ! |

mA(XZ) mB(Xz) mC(XZ)

O (10%)

e original problem
is divided into
small sub-problems

Total Number of Multiplications : 10*(10+2) = 120

Total Number of Additions : 10%(9+9+9) = 270

39



Belief Propagation

O A Toy Example

p($1,$2,$3,$4) — p(xl)p(332\331)29($3\332)p($4\$2)

Factor graph

J />

- circle nodes represent random variables
- square nodes represent factorizing functions
- function node f connects varible node x if and only if x is one of argument of f

Ji

g

fa

4@_

/>

-aC

fa

X

40



Belief Propagation

O A Toy Example

p($1,$2,$3,$4) :p(fvl)p($2\$1)p($3\$2)p($4\$2)
/i /5

Factor graph

- circle nodes represent random variables
- square nodes represent factorizing functions
- function node f connects varible node x if and only if x is one of argument of f

Ji

g

fa

e

4@_

/>

—a

fa

(xy

p(x2) =Y p(x1)p(22ler) Y p(wslea) Y p(wslas)

[ Inference process ] ﬁ [ Message Passing on graph




Belief Propagation
O A Toy Example

p($1,$2,$3,$4) — p(xl)p(332\331)29($3\332)p($4\$2)
g /5 /5 fa

Factor graph
- circle nodes represent random variables
- square nodes represent factorizing functions
- function node f connects varible node x if and only if x is one of argument of f

e ARG

— =
i
Ji L—EK
fa

My — fo (.%’2)

p(r2) = ZP (z1) p (z2]71) ZP (z3|m2) ZP (T4]T2)

x1 3 T4

42



Belief Propagation
O A Toy Example

p(r1, 72,73, 74) = p(71) p (w2|T1) P (T3|72) P (T4 |T2)
Factor graph / /> /s Ja
- circle nodes represent random variables
- square nodes represent factorizing functions
- function node f connects varible node x if and only if x is one of argument of f

Mz — fo (:UQ)

M fy 2y (T2) / f3 @

=

/ e

My — fo (.%’2)

p(r2) = ZP (z1) p (z2]71) ZP (z3|m2) ZP (T4]T2)

| l

mf2—>332 (xQ) 43




Belief Propagation
O A Toy Example

p($1,$2,$37$4) — p(fﬁl)p(332\331)29($3\332)p($4\$2)
g /5 /5 fa

Factor graph
- circle nodes represent random variables
- square nodes represent factorizing functions
- function node f connects varible node x if and only if x is one of argument of f

>

$ <€
" o) o M

=

/ e

My — fo (.%’2)

——
p(r2) = ZP (z1) p (z2]71) ZP (z3|m2) ZP (T4]T2)

M fy—as (%2) M fs 9 (xg) 44



Belief Propagation
O A Toy Example

p($1,$2,$37$4) — p(fﬁl)p(xz\ﬂfl)p(xza\xz)p(u\@)
g /5 /5 fa

Factor graph
- circle nodes represent random variables
- square nodes represent factorizing functions
- function node f connects varible node x if and only if x is one of argument of f

>

2 <€
itz (22) My s (T2) (M[b]rs) ‘fS @
- = /

e ——

J, />

Marosy (22) ly,
l_l_\
p(r2) = ZP (z1) p (z2]71) ZP (z3|m2) ZP (T4]T2)
[\ J U I l

M fa—axs (xQ) M oy (xg) M fy o (xg) 45



Belief Propagation

O A Toy Example

p(r1, 72,73, 74) = p(71) p (w2|T1) P (T3|72) P (T4 |T2)
Factor graph / /> /s Ja
- circle nodes represent random variables
- square nodes represent factorizing functions
- function node f connects varible node x if and only if x is one of argument of f

q}
°» <€
Maista (72) M fo a9 (z )‘@.&? ‘fé @
—> _T> /./

Ji /2 ' !
~__@\ 14 (__

9@

m$1—>f2 (.IQ) /
product of all
p(x2) =Y p(x1)p(w2]ar) ZP (z3]22) ZP (4l22) incoming
3(1 I \ ] \ | messages

| |

M fa—axs (xQ) M oy (xg) M fy o (xg) 46



Belief Propagation

O Factor Graph

BP on
general graph

Ja

local message

passing

Gopy Blief Propagation (LBP)

Factor to variable

Variable to factor

47



Belief Propagation

O Factor Graph

BP on
general graph

Ja

local message

passing

/

S —

\

Gopy Blief Propagation (LBP)

Factor to variable

Variable to factor

48



Belief Propagation

O Factor Graph /

BP on
general graph ](;,

—
ma—>i(xi) \

local message
passing

S —

Gopy Blief Propagation (LBP)
Factor to variable Ma_si (T;) = Z fa (X4) H Mj—sa (25)

Variable to factor




Belief Propagation

O Factor Graph \ /
BP on
e
/ Mai (xi) \

general graph
local message

passing

Gopy Blief Propagation (LBP)

Variable to factor

Factor to variable M (85) = Z fa (Xa) H Mj—a (%)




Belief Propagation

O Factor Graph
\ miq (xi) /
ﬁ

BP on
—
ma—>i(xi) \

general graph
local message

passing

Gopy Blief Propagation (LBP) \

Factor to variable Ma_si (T;) = Z fa (X4) H Mj—sa (25)
Variable to factor m;_sq (CE@): H mpy—; (sz) Excluding incomming

message itself

b#a




Belief Propagation

O Factor Graph
N\ MizeG)
ﬁ

BP on
—
ma—>i(xi) \

general graph
local message

passing

Gopy Blief Propagation (LBP) \

Factor to variable M (85) = Z fa (Xa) H Mj—a (%)

BP is exact for
graph without lodps!

Iterations
(graph with loops)

Variable to factor mi;_q (CE@ ) — | | mpy—; (sz) Excluding incomming
b# message itself
a

52



Belief Propagation

‘‘‘‘‘‘‘‘

figure copied from http://computerrobotvision.org/2009/tutorial_day/crv09_belief propagation_v2.pdf

-

Message passing is a beautiful algorithmic framework to
tackle difficult problems using divide and conquer
by local compuation and information sharing

~N

53



Parametric Approximation

O Parameterization

max ELBO = )., q(x) logp(x,y) — 2x q(x) log q(x)

Parameterization  ¢(x) = q(x; ¢)

Exponential fami;lyx; ¢) = exp{(c[), n(X)) — A(¢)} E.g., Gaussian, Bernoulli, exponential...

Deep nueral network, such as that used in vatiational auto-encoder (VAE)

54



Parametric Approximation

O Parameterization

max ELBO = )., q(x) logp(x,y) — 2x q(x) log q(x)

Parameterization  ¢(x) = q(x; ¢)

. Exponential fami;lyx; ¢) = exp{(c[), n(X)) — A(¢)} E.g., Gaussian, Bernoulli, exponential...

- Deep nueral network, such as that used in vatiational auto-encoder (VAE)

New Optimization Obejective

max ELBO(¢) = > (s 4) logplx,y) - Z (% §) logq(x; )

X

ELBO(o) }
q(x; ) e

Stochastic variational inference framework are optimzied usign SGD
[Hoffman et al 2013]

p(xy)

55



Parametric Approximation

O Parameterization

max ELBO = )., q(x) logp(x,y) — 2x q(x) log q(x)

Parameterization  ¢(x) = q(x; ¢)

Exponential fami;lyx; ¢) = exp{(c,b, T](X)) — A(¢)} E.g., Gaussian, Bernoulli, exponential...

Deep nueral network, such as that used in vatiational auto-encoder (VAE)

New Optimization Obejective

max ELBO(¢) = )" q(xi#) logp(xy) — ) a(xi#) logq(x; #)

X X

/
q(x; P) }
The variational parameters
Stochastic variational inference framework are optimzied usign SGD

[ The original integration problem boilds down to derivative ]
56

problem




Outline

- Expectation Propagation

57



A Toy Problem

O Problem Statement
we obtain a sequence of data pointsy;,7 = 1...NV

p(yi|x) = Oi5N (yi;x, 1) + 0.5/\[ (y;; ¢ + 10, 5)
|

|
component one component two
0.40 - [ == = componentl |
I \ . == = component 2 i
0.351 I \‘ m— Mixture
0.30 A ,' 1
[
op O ,' What is the
I
, value of x?
0.15 - I
I
0.10 A I
I
0.05 1 This example is modified
0.00 - from example in [Minka0O1b]
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A Toy Problem

O Probabilistic Modeling
« prior distribution p(gj) = N (aj; 0, 100) Guassian prior

- likelihood distributign(y;|x) = 0.5N (y;;x,1) + 0.5N (y;; z + 10,5)

After obtaining N observations, the joint distribution could be written as

N
p(z,y) = p() | [ p(vilz)
« posterior distribution 1=1
_ p) [T, p(yilz)
p(xly) = e

[We could perform Bayesian inference to compute the posterior distributio]\

All the codes for this toy example are available:
https://github.com/mengxiangming/ep-demo 59



A Toy Problem

O Factor Graph and Belief Propagation ,,
p(z,y) = p(z) | [ p(yilz)
1=1

p(:l?) Belief Propagation

The factir gragh . . ' . '
‘l’ has no circles: factor to vaiable: Mz () = p(y;|x)

exact inference!! N

vaiable update: q(x) = p(x) H Mz ()

A | g U
Already Done?

p(yilz) = 0.5N (y;;2,1) + 0.5N (y;; ¢ + 10,5) p(x) = N (z;0,100)
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A Toy Problem

O Factor Graph and Belief Propagation ,,

p(z,y) = p@) [[ p(wilo)

-

.

p(a? ) Belief Propagation
i N
l zzsrf,ic:::g;igh factor to vaiable: Mz () = p(y;|x)
exact inference!! N
vaiable update: q(x) = p(x) H Mz ()
/ \ i=1 )
Already Done?
p(y;|z) = 0.5N (y;;2,1) + 0.5N (y;;x + 10, 5) p(x) = N (z;0,100)

\

« The posterior distribution is a mixture &"  Gaussians.

« The computational complexity is exponential with N

61 _J




A Toy Problem

O The True Posterior

True Posterior Distribution p(x|y)

e valug of x

0.0 2.5 5.0 7.5 10.0 125 15.0 17.5 20.0
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A Toy Problem

O The True Posterior

Approximating the posterior as
one Gaussian distribution

63



A Toy Problem

O A Naive Approximation

Approximating each BP message itself
as Gaussian distribution independently

factor to vaiable: M;—2 (513) ~N (x; m;, Ui)

N
vaiable update: ¢ (z) ~ p(x) HN(377 mi, v;)

\_ 1=1

\

J

Naive Gaussian Message Approximation

p(yi|x) = 0.5N (y;;2,1) + 0.5N (y;; ¢ + 10,5)
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A Toy Problem

O A Naive Approximation

Approximating each BP message itself
as Gaussian distribution independently

factor to vaiable:

vaiable update:

\_

Mg () = N (x;m;, v;)

q(z)~p

T) HN(:B, M, V;)

1=1

~

J

Naive Gaussian Message Approximation

p(yi|x) = 0.5N (y;;2,1) + 0.5N (y;; ¢ + 10, 5)

True Posterior (:I:]y X p

Approximate p(xly) o« p(x) H

Hp (i)

Each non-Gaussian
likelihood is approximated

z=1 .
as a Gaussian factor
i=1



A Toy Problem

O A Naive Approximation Approximating each BP message itself

as Gaussian distribution independently

factor to vaiable: M;—2 (513) ~N (x; m;, Ui)

\_ 1=1

vaiable update: ¢ (z) ~ p(x) HN(377 mi, v;)

~

J

p(yi|x) = 0.5N (y;;2,1) + 0.5N (y;; ¢ + 10, 5)

True Posterior (leb’ X p H p Yi ‘ZU Each non-Gaussian

likelihood is approximated

NZ_ as a Gaussian factor
Approximate p(zly) < p(z) H
i=1

Naive Gaussian Message Approximation

(The posterior will be also Gaussian due to the product rule of Gaussian

N(CB;m,U) OCN(x;mlavl)N(x;m27’02)

1 1 1 m m m
_ i, Wy

\_ U V1 Vo V V1 Vo




A Toy Problem

O A Naive Approximation

For each non-Gaussian message
p(yi|z) = 0.5N (yi;2,1) + 0.5N (yi;2 + 10, 5)

Gassian Projection

Gaussian Approximation tNZ (CIZ) é Pl"Oj [p (yz\fl?)] Operator

—— likelihood p(y|x)
- naive Gaussian approx. /\

the two distributions have
same mean and variance

-15 -10 -5 0 5 10 15



A Toy Problem

O A Naive Approximation

For each non-Gaussian message
p(yi|z) = 0.5N (yi;2,1) + 0.5N (yi;2 + 10, 5)

Gassian Projection

Gaussian Approximation tNZ (CIZ) é Pl"Oj [p (yz\fﬁ)] Operator

- naive Gaussian approx. .
PP g€ Gaussian

— likelihood p(y[x) /\ [q (x) = argmax KL(p(x)||q (ZE))J

the two distributions have equwalent
same mean and variance

7(2) 2 Proj[p(z)] m=Fuo

= N (x;m,v) v="Varyy, (z)

Moment Matching

-15 -10 -5 0 5 10 15
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A Toy Problem

O A Naive Approximation
For each non-Gaussian message
p(yi|z) = 0.5N (yi;2,1) + 0.5N (yi;2 + 10, 5)

Gaussian Approximation tNZ (Qj) é Pl"Oj [p (yz‘x)} Gassian Projection

Operator
- |ikelihood p(y|x) — KL
- naive Gaussian approx. /\ [ q (Z’) qir(;ga,{lrgsaifn <p (x) | |q (x) >J
the two distributions have equivalent

same mean and variance

7(2) 2 Proj[p(z)] m=Fuo

= N (x;m,v) v="Varyy, (z)

Moment Matching

_1I; 10 C a) C 10

[ Then, how will the posterior be like? J o




O

A Toy Problem

A Naive Approximation

== = True Posterior, N=1
=== Naive Gaussian, N=1

1

== = True Posterior, N=8
=== Naive Gaussian, N=8 I\
Iy
Iy
Iy
I
Why could | !
: I
this happen? |
I
True value of x

0 2 4 6 8 10

== = True Posterior, N=4
== Naive Gaussian, N=4 /\

== = True Posterior, N=16
= Naive Gaussian, N=16

70
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A Toy Problem

O A Naive Approximation

== = True Posterior, N=1
=== Naive Gaussian, N=1

== = True Posterior, N=4
== Naive Gaussian, N=4 /

Why could
this happen?

True va

== = True Posterior, N=8
= Naive Gaussian, N=8

== = True Posterior, N=16
= Naive Gaussian, N=16

0

There is still a big discrepancy between the true posterior and naive
aussian approximation, even when the true postrior approaches Gaussian!j:




A Toy Problem

O A Naive Approximation

[ Because it is naive selfish ]
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A Toy Problem

O A Naive Approximation

[ Because it is naive selfish ]

Each factor (message) only cares about itself

when making approximations
while forgetting the ultimate goal is to make a good

approximation to the global posterior
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A Toy Problem

O An Alternative Gaussian Approximation

Consider the simple case of N = 1 (only one observation)

True posterior  p(x|y) o Q(:U (Y1)

Gauss Non-Gauss

* Step 1: Approximating the product p(x)pay Gaussian Proj [p(z)p(y1|x)]
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A Toy Problem

O An Alternative Gaussian Approximation

Consider the simple case of N = 1 (only one observation)

True posterior  p(x|y) o Q(:U (Y1)

Gauss Non-Gauss
» Step 1: Approximating the product p(x)pay Gaussian Proj [p(x)p(y1|z)]

* Step 2: Divide the Gaussian ~ Pro] [p(a:)p(!m ’g;)] to qb@gjb a Gaussian

- )
; (x) _ Proj [p (x) 4 (yl ‘33)] t?,\ll(rlxr;grmcaar:sr?;imgt(ifg)
1 p () p (y1]z)
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A Toy Problem

O An Alternative Gaussian Approximation

Consider the simple case of N = 1 (only one observation)

True posterior  p(x|y) o Q(x (Y1)

Gauss Non-Gauss
» Step 1: Approximating the product p(x)péy Gaussian Proj [p(x)p(y1|z)]

* Step 2: Divide the Gaussian ~ Proj [p(gj)p(% ‘x)] to qb@gjb a Gaussian

\
taking care of p(x)
when approximating
p(y1lw)
J
~N

Posterior Gauss
approximation

\ / 76




A Toy Problem

O Assumed Density Filtering (ADF)

Consider general case of N obersvations

True posterior p(aj’y) X p(x)p(y1 ’x)p (y2|f€) p (y3|az) P (yN|:C)

Approximate posterior (] (CC|Y) X P (CE’) ??1 (CIZ’)tNQ (.fC)t~3 (CIZ’) <. gN (CIZ’)
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A Toy Problem

O Assumed Density Filtering (ADF)

Consider general case of N obersvations

True posterior p(aj’y) X p(x)p(yl ’x)p (y2|f€) p (y3|x) P (yN|x)

Approximate posterior (] (CC|Y) X P (QZ’) ??1 (CE)tNQ (.fC)t~3 (CIZ’) <. ??N (CIZ')

/ ADF Algorithm \
e Initialize ¢’ (z) =p (=)

* For each new observation Y;

g~ 1( ) (vi|z)
[ ¢~ (x) p (yi|z) dz

Projection qz (QL‘) — PI’OJ [}3 (ZC)]

only implicitly
K made /

Inclusion P (:Ij)




A Toy Problem

O Assumed Density Filtering (ADF)
Consider general case of N obersvations

True posterior

Approximate posterior

e Initialize ¢’ (z) =p (=)
* For each new observation Y;

g~ 1( ) (vi|z)
[ ¢~ (x) p (yi|z) dz

= Proj [13 (),

Inclusion P (:Ij)

Projection qZ (,CL')

only implicitly

\_ -/

p(xly) o< p(x)p(y1|x)p (y2|z) p (y3|z) - - p

q (z|y) o< p(z) tq (37)52 (55)53 () -- i ()

ADF Algorithm \

(yn|z)

ADF is one kind of sequential Gaussian
Projector [Minka0O1b]

ti(z) ta2(x) pysle) p(wlr)p(ys|o)

ti(z) ta2(x) t3(z) plyalr)p(ys|o)

q" ()
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A Toy Problem

O Assumed Density Filtering (ADF)

== = True Posterior, N=1
=== Naive Gaussian, N=1
= ADF, N=1

10.0

12.5

15.0

17.5

20.0

0.0 2.5 5.0 7.5
== = True Posterior, N=8
== Naijve Gaussian, N=8
= ADF, N=8
10

== = True Posterior, N=4
=== Naive Gaussian, N=4 /\

m— ADF, N=4

0
== = True Posterior, N=16
=== Naive Gaussian, N=16
= ADF, N=16 L
0 2 4 6 8 10

ADF is much better than naive Gauss approximation 80



A Toy Problem

O Assumed Density Filtering (ADF)
However, ADF is sensitive to the order of approximations !

mm= True Posterior, N=3

== ADF, order 1 ,\

= ADF, order 2 '

- ADF, order 3 l
|

[ How to avoid the effect of different ordering J




A Toy Problem

O Expectation Propagation

[ Expectation Propagation = ADF + Iteratively Refine

82



A Toy Problem

O Expectation Propagation

[ Expectation Propagation = ADF + Iteratively Refine J

True posterior p(,ﬁbe) X p(x)p(yl ’ZU)p (y2|5’7) p (y3|x) Ny (yN‘CC)
Approximate posterior (] (CC|Y) X P (CC) ‘El (Z‘)ié ($)£3 (Qf) R EN (33')

/ EP Algorithm \

Initialize #; (z) i = 1..N,q(z) = p(z) | [ & (x)
* Foriter=1... Num_iter ¢
Foriin1..N
q(z)

division ¢~ (z) o« ——— =p(2) [[# (@)
ti (x) . Py

inclusion p(x) =

projection (gj) == PI‘Oj [ (ZU)]

@emem £ (z) o qgfﬁ) J
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A Toy Problem

O Expectation Propagation

[ Expectation Propagation = ADF + Iteratively Refine J

True posterior p(,ﬁbe) X p(x)p(yl |ZU)p (y2|5’7) p (y3|x) Ny (yN‘x)
Approximate posterior (] (CC|Y) X P (CU) :tvl (Z‘)TFQ ($)53 (Qf) R T?N (33')

/ EP A|90rithm \ EP is an iterative refinement of ADF

Initialize 7, (z) i = 1..N.q ( Ht and is not affected by orderminkao1b]
* Foriter=1... Num_iter '
Foriin 1...N _ q " ()
division ¢ (z) o Z((x)) =p (@) ][] (@) ti(z) ta(z) p(ysle) ta(z) ts5(z)
i) j#i
@) p (il l
reeson P = TS ) p (o) @) L) hla) i
o ti(z) ta(x) t3(x) fu(z) ts5(2)
projection ¢ (z) = Proj [p ()]
)

@emem [ (z) x q‘ffip) j q(x) )




A Toy Problem

O Expectation Propagation

== True Posterior, N=4
=== Naive Gaussian, N=4
= ADF, N=4

— EP(lter=2), N=4

== True Posterior, N=1
=== Naive Gaussian, N=1
= ADF, N=1

— EP(lter=2), N=1

—_—
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17:5 20.0 0 2 4 6 8
== True Posterior, N=16
= Naive Gaussian, N=16

==  True Posterior, N=8
= Naive Gaussian, N=8
= ADF, N=8

- EP(Iter=2), N=8

= ADF, N=16
—— EP(lter=2), N=16

2 4 6

4 6 8 10 0
85

EP approximation is close to the true posterior !



A Toy Problem

O Expectation Propagation

mm True Posterior, N=1
=== Naive Gaussian, N=1
— EP(lter=2), N=1
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EP as Optimization

0 Expectation Propagation (EP) [Minka01] [Opper05]

p(X) _ Hfa, (X) approximated:s q(x) _ HJ’EG(X)

Space of all distributions

Exponential
family distribution

q(x) )

Optimization objective: min KL(p(X) H q(X))
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EP as Optimization

0 Expectation Propagation (EP) [Minka01] [Opper05]

p(X) _ Hfa, (X) approximated:s q(x) _ H};(X)

Space of all distributions Exponential
family distribution Q(iL') — h($> eXp{HTqb(a:) e 9(9)}
* q(x) ()]

Optimization objective: min K L( p(X)

Iteratively refine each factor

fe =argmin KL(f,x)]] L) [ ()] fx)

t(x)ed
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EP as Optimization

0 Expectation Propagation (EP) [Minka01] [Opper05]

_ Hfa (X) approximated :s q(x) _ HL(X)

Space of all distributions

Exponential
family distribution

q(x) )

Optimization objective: min K L( p(X)

Iteratively refine each factor

i =argmin KL(f,(x)[ [ £, () || t(x

t(x)ed Bz

-

-

* BP minimizes KL(q/ [ p) while EP minimizes KL(p[[q)

* EP can be also implemented as message passing on factor graph

89



EP as Message Passing

O Factor Graph
\ m;_q (X;) /
_—
>
—
/ Mqi(X) \
local message

passing
K Expectation Propagation

Factor to variable Mgsi (flfz) —

~

Proj {mi_m () Zg;j J#i fa (%a) HJ’#@' Mja (%)]

Mi—sq (T)

Iterations

Excluding incomming

Variable to factor mMi—a (flf@): | | mp—q (337,) message itself

\ ba ng




EP vs. BP

Expectation Propagation S,

« minimize KL (p||q) minimize KL (q||p)

A generalization of BP EP with fully factorization

* Discrete & continuous variable Dicrete variable

* Might iterative without loop Non-iterative without loop

. . . . 91
* EP isrelated to the cavity method in physics (M ezard et al 87] [Opper&saad 01]



Outline

« A Unified EP Perspective on AMP and its extensions
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Linear Observations

O Problem Statement

neRY
Signglr/]::::)avxeters linear mixing + observations
xeR” > AeR™Y . > yeRY
2
x~ py () y=Ax+n n~A(0,0])

- The goal is to recover signal x given the observations y.
* A fundamental problem in communication, compressed sensing, statistics
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Linear Observations

O Problem Statement

neRY
Signgl'/ﬂ;::?aweters linear mixing + observations
xeR” > AeR™Y 4 > yeRY
2
x~ py () y=Ax+n n~A(0,0])

The goal is to recover signal x given the observations y.
A fundamental problem in communication, compressed sensing, statistics

First, we write the the joint distribution can be written as follows

G(X, y) = po(x)p(y|x)

1 B (y—Ax)T2<y—Ax>
2

~

Vector-Form

Fully-Factorized

),




Linear Observations
O Fully-Factorized Factor Graph

Expectation Propagation (EP)

| PrOJ(I) A me]_)a p(y, ]x]

mi_ . (z;) t]m
mi_,(2;)

Pro j Hmb—>z ]

m, (%)

a—1

mHl (

1—a

7o
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Linear Observations
O Fully-Factorized Factor Graph

Expectation Propagation (EP)

| PrOJ(I) A me]_)a p(y, ]x]

mi_ . (z;) t]m
mi_,(2;)

Pro j Hmb—>z ]

m, (%)

a—1

It seems quite

mHl (

1—a

7o
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O An EP Perspective on AMP

m!_ . (z,) o< N (z;&

mﬁ-i—l

1—a

(2;) oc N (x5

Linear Observations

t
a—>z7 a—>i

At+l t+1)

2—>a7 z—>a

)

where

I

t
a_n Z|Aa1|21/1_m Zogsi = ZAGJ-T'J—M
1#1 J7
2 t
~t — Yo — Za—»z ¢ _ o+ V(l—>‘i
a—i YYa—i T
A‘“ 5 |A(Li |2
=[Sty memy e
+V;z—n ' ‘ o 02+Vat—n'
st+1 t gt yan Eoyt
T, —fa (Riﬁzi) V-j, :fC (Rlz)
1 _ 1 |Aaz|.2
t+1 — i+l 4 t
vita Vit 02+ Ve,
~t+1 * t
pttl — il (Ii _ Aa ( Za—”))
“Yi—=a = Yi— t+1 2 t '
\ tra ra l/z'+ +Va—>z /
—
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Linear Observations

O An EP Perspective on AMP

a—>z($) oc Nz % a—>z7 fl_)z) where
I
mi (@) oc N (w58 50,07,)

* However, the number of messages are O(MN), which
is still intractable for high-dimensional problems

Htt+1

a—)z Z |Aa_7|2y]—)a Z(t’“_” ZAa]lJ_’a
1#1 JF
~t — yu _ Zd—»l t o 02 + ‘/af—w
a—1 A(Li 2 a—:1 |A(” |2
|Aa2| :|_1 ¢ ¢ Az'i (ya — Zfz—n)
~t+1 t vt ~t+1 t st
€Z; - fa (Ria Zz) I/_i+ = fC (Rl Zz)
11 |Am-|2
vitae v 2+ Vi, Still Too
t+l * , °
_ (‘ri _ ALy Complicated!
e l/f+1 o? +
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Linear Observations
O An EP Perspective on AMP / = AP, D Y Auit, \

1#1 JF
2 t
a—>z('x ) X ./l/(LE a—>z7 ctL—>z) where :I?fl_,j = Yo T Pui _AZ“_" 7”2—»1‘ g T Vasi |+ ‘|/‘2”_’i
— ail A(Li
mi () o N (23840 ol *1) 5t = [Z | Agil? ]‘1 Rt :EngZ,ﬁ(ya—Zéﬁi)

1—a L sarVisa 24 Vat_n

° i ~t 1 — t t ~ 1 t t
) Ho.W(.ever, the numbe.r of messages are O(MN), which l'*z'.+ = f, (R~, zz_) I/-i+1 — f. (R- ¥ )
is still intractable for high-dimensional problems

1 B 1 |Aai |'2
1 1 ’ .
* To reduce the number of messages, neglect the high- ’/f:a Vf+ 2+ Vat—n Still Too
order terms in large system limit. f;t‘“ A (ya Complicated!
(l t+1 0-2 +

At+1 t+1
\Li—)a Uz—)a

Zi i = Zg — Agi®ia, - Be careful!

Vi =Ve ViV

t+1 t+1 It
kll—}a 1/1 ‘ ‘a

a

/ 24(“11_,(1 7

az| Vz—m

44ai|21/f
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Linear Observations
O An EP Perspective on AMP / =S AP, Za =3 Awils, \

1%£1 2-’¢1 [
) X /1/(:13 ! ) where st _ Y T Zy O + Vi

a—>z7 G,—>’l, a—1 Y Ya—1 2

— Ay A,
2 .- . (ot
Mt (2) o V(@800 ot 252[2 | Ayl ] 1 Rgzzngai(ya. Zt )

i—a TisarYisa 2+ VE. : o2+ Vi

a—>z(

. i st+1 t gt at t yt
) Ho.w¢.aver, the numbe.r of messages are O(MN), which gt = f, (RA, Zi) Vi.+1 — f. (R- D) )
is still intractable for high-dimensional problems

1 B 1 | Agi |'2
t+1 ~— _t+1 2 t .
* To reduce the number of messages, neglect the high- V-ii-)a I/i+ 0%+ Vo Still Too
. — ~t+1 * o
order terms in large system limit. AL _ 4 (.1.1. B Al (y Compllcated!
\ 1—a i—a I/§+1 0.‘2 +

N\

/ Z Az ... Vi=

a

(ll| Vl—>a

Initialization AMP .
t t
Zs i = Zy — Agifiyq, # Be careful! Algorithm
Loop Fort=1..,T
? o R Vt st ~ /1 =) A
‘G-?l a ‘(l-?l ~ "’a Factor a Z aiVi 9 nsager term
node
t+1 t+1 o A 12,1 7' =Y Ag
1 74 i—>a I/I - ‘.(l ‘4(”'| I/I update B a , i Ti )
\ ; / = A2-
T MILCI JVIIIT algTtwNvia, LIc IIuI.IIlJCI [VIBNTTI=EET-TI=F B ] Z; :1/2%1‘/{ Linear Complexity
reduced to O(M+N) and we obtain AMP Variable a 00V, N
node t (y Zt) (MN)
pdate + % Z P
X. Meng, S. Wu, L. Kuang, and J. Lu, “An expectation propagation a o’ +V,
perspective on approximate message passing,” IEEE Signal Processing _:if“ (:c RS Z’) pitl — Var(a: | R!, E') 100
Letters, vol. 22, no. 8, pp. 1194-1197, Aug. 2015. End




Relation to AMP

O An EP Perspective on AMP

AMP iteratively decouples the original vector inference problem to scalar inference problems

decoupled R =z + 7

y = Ax +n — : decoupling principle

Ry =z +ny
* Comments
v’ The first AMP-like method was derived by Kabashima for CDMA detection [Kabashima 03] and later
derived by Donoho et. al for compressed sensing [DMMOQ9].
v’ For i.i.d. Gaussian A, AMP is proved to be asymptotically Bayesian optimal and rigorously analyzed via
state evolution (SE) [BM11]
v’ For general matrices A, AMP may diverge [BM11]
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AMP iteratively decouples the original vector inference problem to scalar inference problems

y = Ax +n

* Comments

Relation to AMP

O An EP Perspective on AMP

decoupled R =z +n

>

Ry =z +ny

decoupling principle

v The first AMP-like method was derived by Kabashima for CDOMA detection [Kabashima 03] and later
derived by Donoho et. al for compressed sensing [DMMOQ9].
v’ For i.i.d. Gaussian A, AMP is proved to be asymptotically Bayesian optimal and rigorously analyzed via
state evolution (SE) [BM11]

v’ For general matrices A, AMP may diverge [BM11]
v’ Vector AMP (VAMP) converges for right-rotationally invariant matrices [RSF16]

Of—& Rrat— -
o . 9 AMP
Z o} —%— S-AMP i
LLJ 0 . A— AD-GAMP
2, S —+— VAMP
= -20 - A% figure copied from [RSF16] — — VAMP SE 1
< N oracle
=z X
5 -30 B ]
- NM_»

-40 | ! 1 HHHHE - — — — — — — — — -
10° 10" .02

iteration
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EP Perspective on VAMP

O Vector-form Factor Graph

N 1 PR
p(x,y) = [Tro=Q I] I
1=1

e
V2mo2
Po(x) X p(ylx) . r
_( —Ax)" (y—Ax)
A —_— . > B p(ylx) = I (& * 202y
— D — (2m02) 2

vector-form factor graph
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EP Perspective on VAMP

O Vector-form Factor Graph

p<X7 y) — HPO

Po(x) X
—> —
A

— C—————

vector-form factor graph

/ Proj [po (z;) may— 4 (x;)]

MA—qy () =

= N (z;;mia,via)  Thisis exactly the
Mo a (i) MMSE form of VAMP

[RSF16]

My B (xz) = MAg (xz)
MB_e (T;) = /N(y;Ax,02I) [[ma—B (2:) dzjes = N (mi5mpsi, ve—i)

My A (fvz> = MB—x (xz)

o /
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A Unified Perspective

O An EP Perspective on AMP

CLT & Taylor

Scalar
factor graph

Circularly-symmetric Gaussian

Complex-valued-version

(The EP perspective of AMP and VAMP: \
v’ Explicitly establishing the relationship between AMP
v Simplifying the extension of AMP to the complex-valued AMP (simply using circularly-

symmetric Gaussian) [MWKL15b]
v Providing a unified view of AMP and VAMP (derived from scalar EP [MWKL15a] and

vector EP [RSF16], respectively ) /
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NonLinear Observations
O Background

Unknown linear mixing probabilistic mapping observations
Signals/parameters N
X € _
z = AX ~ M
~ MxN
X~py(X) — Ae > p.lz,) —> Y€

* The measurements are often obtained in a nonlinear way
e one-bit (quantized) compressed sensing
e phase retrival
* |ogistic regression

Inference on Generalized linear model (GLM)

106



NonLinear Observations

Basic Idea:

Is it possible to transform the nonlinear inference problem
to linear inference problems?
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NonLinear Observations

Basic Idea:

Is it possible to transform the nonlinear inference problem
to linear inference problems?

. . . transform
Original Non-linear

Problem

Linear Inference
Problem

A variety of linear
inference algorithms
could be used
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A Unified Inference Framework for GLM
O Two Equivalent Factor Graphs of GLM

Introducing

Po (X) X p(y | X) Auxiliarynodez  p, (X) X 5(Z - AX) Z p(y | Z)
(—

(a) factor graph of GLM (b) Equivalent factor graph of GLM
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A Unified Inference Framework for GLM
O Two Equivalent Factor Graphs of GLM

Introduci
Po(X) . p(y|x) Au:iI::ryurc\g‘c?ez P (x) x Oz-Ax) z r(ylz)
(a) factor graph of GLM (b) Equivalent factor graph of GLM

O Decoupling GLM into SLM via EP

po(X) X 5(z—Ax) Z me(Z) p(y|z)

t—1 Lext (g ext EP message passing
me (Z)OCN (Z’ZA (t 1)’VA (t 1)]) (t-th iteration)

Proj, (p(y|2)m'" (2))

mt—l (Z)
zp

m' (z)oc oc N (Z;zg’“ (1), v5" (t)])
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A Unified Inference Framework for GLM
O Two Equivalent Factor Graphs of GLM

Introduci
Po(X) . p(y|x) Au:iI::ryurc\g‘c?ez P (x) x Oz-Ax) z r(ylz)
(a) factor graph of GLM (b) Equivalent factor graph of GLM

O Decoupling GLM into SLM via EP

po(x) X 5(Z—Ax)

t—1 Lext (g ext EP message passing
me (Z)OCN (Z’ZA (t 1)’VA (t 1)]) (t-th iteration)

Proj, (p(y|2)m'" (2))

mt—l (Z)
zp

m' (z)oc oc N (Z;zg’“ (1), v5" (t)])
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A Unified Inference Framework for GLM
O Decoupling GLM into SLM via EP

Po(x) x S(z-Ax) Z (%) m._,,(2) p(ylz)
ro il
| (I |

Pseudo SLM MMSE module B
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A Unified Inference Framework for GLM
O Decoupling GLM into SLM via EP

Po (X) X 5(Z—AX) v/ m,. (Z) m._p (Z) p(le)
- T
I _I [ |
Pseudo SLM MMSE module B

 The original GLM is iteratively decoupled into a sequence of simple SLM problems

Pseudo Linear Models 2 (1=1),v5" (=) Component-wise
MMSE
y p— AX —I— n Z§0St — |: |cht, ext:|
lltN N O 6'2] t Zex, ) vext ) post _ Var[ |Zj”,vj"’]
y=12; (1),6" =vy (1)
\ Module A ) \_ Module B )
1 1
ext post ext - — exr
(t) " (t) (t) V;x (1) Vg (t) PG Note: The computation of posterior mean

ext posz ext ex 0S. exi d i f i d I A i ff
£ _20 50 a0 sy el modle s ey difer

OO0 IO @ VD)
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A Unified Inference Framework for GLM
O Decoupling GLM into SLM via EP

Po (X) X 5(Z—AX) v/ m,. (Z) m._p (Z) p(ylz)
r—1 '
_I [ |

Pseudo SLM MMSE module B

 The original GLM is iteratively decoupled into a sequence of simple SLM problems

Universal Algorithm Design [MWZ18]

Pseudo Linear Models 2 (t-1),v(t-1) Component-wise Unified Inference Framework for GLM
9 MMSE « Initialization z5'(0),v5"(0)
~ ~ * Fort=1:T, Do
y = AX +1 0 :E[ 2%, e’“] 1. Perform component-wise MMSE
2. Update z§'(2),v5"(2)
n~N (0, 6'21 ext (N | ext V™' = Var [z | z‘j“,vj’“] 3. Perform SLM inference one or more
= ext ext zy (D,vy (1) iterations
y=12; (),6" =v, (1) 4. Compute z2”(1),v,"(¢) and then
update z%"(¢),v%" (¢)
k Module A \_ Module B Y,
1 1
ext pOS't ext ox o5 e_x
(t) Va (t) (t) VBt(t) Vg t(t) T = Note: The computation of posterior mean
ze’“ ty z0(@) z3'(t ext post ext , and variance of z in module A may differ
e Et; post El; et El; zy (1) _Zp ©) _Z (Gnd)) for different SLM inference methods.
ext oSt ext
Vi w0 0 v

[MWZ18] X. Meng, S. Wu and J. Zhu, “A unified Bayesian inference framework for generalized linear model,”

IEEE Signal Processing Letters, vol. 25, no. 3, Mar. 2018. 114




A Unified Inference Framework for GLM

O From AMP to Gr-AMP
The Gr-AMP Algorithm

Zext t_l ,vext Z_l ( \ . I .t. I- t- Zext 0 , ext 0
AmMP ) D ; Component-wise S LZ?[:"%nDOA R
(TO iterations) ety oxt MMSE 1. Perform component-wise MMSE
zy (1),vy (1) 2. Update 2 (¢),v<" (1)
Module A Module B 3. Perform AMP for TO iterations
\§ J 4. Computez™(1),vy"(¢) and then
update z;;" (1), v" (1)
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A Jnitiea inrerence rramework 1or
GLM

O From AMP to Gr-AMP

o o e ~ The Gr-AMP Algorithm
\ z;, (1=1),vi (1=1) . « Initialization z%'(0),v;"(0)
AMP > Component-wise . Fort=1:T Do
(TO iterations) ext ext MMSE 1. Perform component-wise MMSE
zy (1),vy (1) 2. Update z5(¢),v" (1)

Module A Module B 3. Perform AMP for TO iterations

\_ J 4. Computez™(1),vy"(¢) and then
update z;(t),v}" (t)
 Relation of Gr-AMP to GAMP

v Gr-AMP is precisely GAMP when TO = 1 and thus provides an EP perspective on GAMP [mwz1s
In essance, GAMP first transforms nonlinear model to linear model using EP and then directly
apply AMP on the linear model in each iteration.

v' This perspective provides a concise derivation of GAMP using EP as in [MWZ18]

v A more flexible message passing schedule: double-loop implementation.
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A Unified Inference Framework for GLM

O From AMP to Gr-AMP
o o e ~ The Gr-AMP Algorithm
\ z;, (1=1),vi (1=1) . « Initialization z5' (0),v"(0)
AMP > |Component-wise . Fort=1:T Do
(TO iterations) ext ext MMSE 1. Perform component-wise MMSE
zy (1), (1) 2. Update 2 (¢),v<" (1)
Module A Module B 3. Perform AMP for TO iterations
\_ J 4. Computez™(1),vy"(¢) and then
update z;;' (1), vi" (t)
- Relation of Gr-AMP to GAMP

v Gr-AMP is precisely GAMP when TO = 1 and thus provides an EP perspective on GAMP mwz1s]
In essance, GAMP first transforms nonlinear model to linear model using EP and then directly
apply AMP on the linear model in each iteration.

v' This perspective provides a concise derivation of GAMP using EP as in [MWZ18]

v A more flexible message passing schedule: double-loop implementation.

-1 I I I | L

—&—GAMP ,

-6~ Gr-AMP,T0=4

 Quantized CS for 1,2,3-bit cases:
N=1024,M=512,SNR=50dB

* Gr-AMP and GAMP converge to the same
performance for i.i.d. Gaussian A

» Total number iterations of AMP are about the same
while the number of MMSE operations is reduced
for Gr-AMP.

0 5 10 15 20 25 30 117
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A Unified Inference Framework for GLM

O From VAMP/SBL to Gr-AMP/Gr-SBL
The Gr-VAMP/Gr-SBL Algorithm

Zext t_l ,vext Z_l ( . \ . I .t. I- t- Zext 0 ’vext 0
VAMP/SBL ) D ; Component-wise S Lza:[:'%nDoA R
(TO iterations) ext (1) e (7 MMSE 1. Perform component-wise MMSE
zy (),vy (1) 2. Update z%(£),v%" ()
Module A Module B 3. Perform VAMP/SBL for TO iterations
\§ J 4. Compute z™(1),vi™ (t) and then
update z;;" (1), v" (1)

118



A Unified Inference Framework for GLM

O From VAMP/SBL to Gr-AMP/Gr-SBL
(g 1)y (¢ -1) s ~ TT\e Gr-VAMPO/Gr-SOBL Algorithm
2 (1 =1), v (¢ . e o (0), "
VAMP/SBL K .5 |Component-wise . I{gﬁ'? fit:'%nDcz, R
(TO iterations) ext (1) e (7 MMSE 1. Perform component-wise MMSE
zy (1),vp (1) 2. Update z2(£),v2" ()
Module A Module B 3. Perform VAMP/SBL for TO iterations
\_ J 4. Compute z™(1),vi™ (t) and then
update z;" (1), v (t)
E T
S Gr-AMP
w - GAMP .
g - s iassnssesssprrorporreporsrprnt B o NP Performance of de-biased NMSE for 1-bit CS
S s 1w 15w » s |Hoess ;v N =512,M=2048,SNR=50dB, sparse ratio 0.1

(a) Number of lterations { & (&)= 1)

v TO = 1 for both Gr-VAMP and Gr-SBL

0 1§
10 v When conditional number is 1, all kinds of
0 algorithms performs nearly the same.

0 v As the condition number increases, the

o 5 10 15 20 %30 B 40 45 8l recovery performances degrade smoothly for
SRR L el 1 Gr-VAMP/GVAMP/Gr-SBL while both Gr-AMP
P P 4 and GAMP diverge for even mild condition
number, which show the robustness of Gr-
VAMP/Gr-SBL/GVAMP for general matrices.

107 107 102 103 104 10° 10%
(c) Condition Number & (A)

X. Meng, S. Wu and J. Zhu, “A unified Bayesian inference framework for generalized linear model,” IEEE Signal Processing
Letters., vol. 25, no. 3, Mar. 2018.

Code available: https://github.com/mengxiangming/glmcode 119



Conclusions

A high-bias low-variance introduction to approximate Bayesian
inference

An overview of variational inference framewrok
A tutorial introducition of expection propagation

A unified EP perspective on AMP and its extensions.
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